m Research Paper IIVMDRR

Impact Factor: 6.089
Peer Reviewed Monthly Journal E- 1S9\ -2395-1885
www.ijmdrr.com ISSN -2395-1877

f-REGULAR f-DERIVATIONS ON p-SEM| SIMPLE BCIK-ALGEBRAS

S. Rethina Kumar
Assistant Professor, Department of Mathematics, Bishop Heber College, Trichy, Tamilnadu. India.

Abstract

Introduced BCIK — algebra and its properties, and also we introduce the notion of derivation of a
BCIK-algebra and investigate some related properties. Using the idea of regular f-derivation of a
BCIK-algebra and investigate related properties. In this paper, the notion of left-right (resp., right-left)
f-derivation of a BCIK-algebra is introduced, and some related properties are investigated. Using
regular f-derivation, we give characterizations of a regular f-derivation on p -semi simple BCIK-
algebra.
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1. Introduction

In 1966, Y. Imai and K. Iseki [1, 2] defined BCK — algebrain this notion originated from two different
sources. one of them is based on the set theory the other is form the classica and non - classica
propositional calculi. In [3]. Y.B. Jun and X.L. Xin applied the notion of derivation in ring and near —
ring theory to BCI — algebras, and they also introduced a new concept caled a derivation in BCl-
algebras and its properties. In 2021 [4], S Rethina Kumar introduce combination BCK-algebra and
BCl-agebra to define BCIK—algebra and its properties and also using Lattices theory to derived the
some basic definitions, and they also the idea introduced a regular f-derivation in BCIK-algebras. We
give the Characterizations f-derivation p-semi simple algebra and its properties. After the work of Jun
and Xin (2004) [3], many research articles have appeared on the derivations of BCl-algebras In
different aspects as follows: In 2021[5], S Rehina Kumar have given the notion of t-derivation of
BCIK-algebras and studied p-semi ssmple BCIK—algebras by using the idea of regular t-derivation in
BCIK-algebras have extended the results of BCIK-algebra in the same paper they defined and studied
the notion of left derivation of BCIK-algebra and investigated some properties of left derivation in p-
semi simple BCIK-algebras. In 2009 [6], Ozturk and Ceven have defined the notion of derivation and
generalized derivation determined by a derivation for a complicated subtraction algebra and discussed
some related properties. Also, in 2009 [6], Ozturk et a. have introduced the notion of generalized
derivation in BCl-algebras and established some results. Further, they have given the idea of torsion
free BCI-agebra and explored some properties. In 2010 [7], Al-Shehri has applied the notion of |eft-
right (resp., right-left) derivation in BCl-algebra in BCl-algebra and obtained some of its properties. In
2011[19], libira et a, have studied the notion of Ieft-right (resp., right-left) symmetric bi derivation in
BCl-algebras.

Motivated by a lot work done on f-derivations of BCIK-algebra and on derivations of other related
abstract algebraic structures, in this paper we introduce the notion of regular f-derivation p-semi simple
BCIK-algebras and obtain some of its related properties.
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2. Preliminaries

Definition 2.1. [5] BCIK algebra

Let X be a non-empty set with a binary operation * and a constant 0. Then (X, * ,0) is called a BCIK
Algebra, if it satisfies the following axioms for all X, y, z € X:

(BCIK-1) x*y =0, y*x =0, z*x =0 thisimply that x =y = z.

(BCIK-2) ((x*y) * (y*2)) * (z*x) = 0.

(BCIK-3) (x*(x*y)) *y=0.

(BCIK-4) x*x =0,y*y=0,z*z=0.

(BCIK-5) 0*x =0, 0*y =0, 0*z=0.

For all x, y, z € X. An inequality < is a partially ordered set on X can be defined x <y if and only if

(x*y) * (y*2) = 0.
Properties2.2. [5] | any BCIK — Algebra X, the following properties hold for all x, y, z € X:

(1) oeX.

(2) x*0=x.

(3) x*O=01impliesx =0.

(4) 0*(x*y) = (0*x) * (O*y).

(5) X*y=0impliesx =Y.

(6) X*(0*y) = y*(0*x).

(7) 0*(0*x) = x.

(8) x*y€ Xand x € X implyy € X.

(9 x*y)*z=(x*2)*y

(10) x*(x*(x*y)) = x*y.

(11) (x*y) *(y*2) = x*y.

(12) 0Osx<yforallx,y € X.

(13) x <y implies x*z < y*z and z*y < z*x.
(14) x*y<x.

(15) x*y<sze xrz<yforallx,y,z€ X
(16) x*a=x*bimpliesa=b whereaand b are any natural numbers (i. e).,a,b € N
(17) a*x =b*ximpliesa=Dh.

(18) a*(a*x) =x.

Definition 2.3. [4, 5, 10], Let X beaBCIK — algebra. Then, for all x, y, z € X:
(1) X iscaled apositive implicative BCIK — algebraif (x*y) * z = (x*z) * (y*2).
(2) X iscaled animplicative BCIK — algebraif x*(y*x) = Xx.
(3) X iscaled acommutative BCIK — agebraif x* (x*y) = y*(y*x).
(4) X iscaled bounded BCIK — algebra, if there exists the greatest element 1 of X, and for any
X € X, 1*x is denoted by GGy,
(5) X iscaledinvolutory BCIK — agebra, if for all x € X, GG, = x.
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Definition 2.4. [5] Let X be abounded BCIK-algebra. Then for all x, y € X:
(1) G1=0and GO =1,
(2) GG < x that GG = G(Gy),
(3) Gx* Gy = y*X,
(4) y < ximplies Gx < Gy,
(5) Gxry = Gyx
(6) GGG = Gx.

Theorem 2.5. [5] Let X be abounded BCIK-algebra. Then for any x, y € X, the following hold:

(1) X isinvolutory,

(2) x*y=Gy* Gy,

(3) x*Gy=y* Gy,

(4) x< Gyimpliesy < Gx.
Theorem 2.6. [5] Every implicative BCIK-algebra is a commutative and positive implicative BCIK -
algebra.

Definition 2.7. [4,5] Let X be aBCIK-algebra. Then:

(1) X is said to have bounded commutative, if for any x, y € X, the set A(x,y) = {t € X : t*x < y}
has the greatest element which isdenoted by x oy,

(2) (X, *,<) is called a BCIK-lattices, if (X, <) is a lattice, where < is the partial BCIK-order on X,
which has been introduced in Definition 2.1.

Definition 2.8. [5] Let X be a BCIK-algebra with bounded commutative. Then for all x, y, z € X:
(1) y=xo(y*x),
(2 (xoz)* (yoz) = X%,
() (x*y) * z=x*(y 02),
(4) If x<y,thenxoz<yoz,
(5) Z*xsy & z<Xxo0Y.

Theorem 2.9. [4,5] Let X be a BCIK-algebra with condition bounded commutative. Then, for al
X, Y, Z € X, the following are equivalent:
(1) X isapositiveimplicative,
(2) x<yimpliesxoy=Yy,
(3) xox =x,
(4) (xoy)* z=(x*z) 0 (y*2),
(5) xoy=xo0(y*x).
Theorem 2.10. [4,5] Let X be a BCIK-agebra.
(1) If X isafinite positive implicative BCIK-al gebra with bounded and commutative the (X, <) is a
distributive lattice,
(2) If X isaBCIK-agebrawith bounded and commutative, then X is positive implicative if and
only if (X, <) is an upper semi lattice withx vy =x oy, forany x,y € X,
(3) If X isbounded commutative BCIK -algebra, then BCIK -lattice (X, <) is a distributive lattice,
wherex Ay = y*(y*x) and X v y= G(Gx A Gy).
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Theorem 2.11. [4,5] Let X be an involutory BCIK-algebra, Then the following are equivalent:
(1) (X, =) is a lower semi lattice,
(2) (X, <) is an upper semi lattice,
(3) (X, =) is a lattice.

Theorem 2.12. [5] Let X be abounded BCIK-algebra. Then:
(1) every commutative BCIK-algebrais an involutory BCIK-algebra.
(2) Any implicative BCIK-algebrais a Boolean lattice (a complemented distributive lattice).

Theorem 2.13. [5, 11] Let X be aBCK-algebra, Then, for all x, y, z € X, the following are equivalent:
(1) X iscommutative,
(2) x*y = x*(y* (y*x)),
(3) x*(x*y) = y* (y* (x* (x*y))),
(4) x< 'y implies x = y*(y*x).

3. Regular Left derivation p-semi ssmple BCIK -algebra

Definition 3.1. Let X be ap-semi simple BCIK-algebra. We define addition + asx +y = x*(0*y) for all
X,y € X. Then (X, +) be an abelian group with identity 0 and x -y = x*y. Conversely, let (X, +) be an
abelian group with identity O and let X — y =x*y. Then X isap-semi simple BCIK-algebraand x +y =
x*(0*y),

forall x,y € X (see [6]). Wedenotex Oy=y* (y* x),0* (0* X) =acand

L p(X)={a€ X/x*a=0implies x = a, for all x € X}.

Forany x € X. V(a) ={a € X/ x * a= 0} is called the branch of X with respect to a. We have
X*y€V (a*Db), whenever x € V(a) and y € V(b), for all x, y € X and all a, b € L ,(X), for0* (0*
a) = acwhichimpliesthat a, * y € L ,(X) for all y € X. Itis clear that G(X) < L p(X) andx * (X * &) =
aand
a*x €L pX), foralla€ L n(X)andall x € X.

Definition 3.2. ([5]) Let X be aBCIK-algebra. By a(l, r)-derivation of X, we mean aself d of X
satisfying the identity
dix*y)=(d(x) * y) A (x *d(y)) forall x,y € X.
If X satisfies the identity
dx*y)=(x*dy)) A (d(x)*y)forall x,y€ X,
then we say that disa(r, I)-derivation of X
Moreover, if disboth a(r, I)-derivation and (r, 1)-derivation of X, we say that d isaderivation of X.

Definition 3.3. ([5]) A self-map d of aBCIK-algebra X issaid to be regular if d (0) = 0.

Definition 3.4. ([5]) Let d be aself-map of a BCIK-algebra X. Anidea A of X issaid to be d-invariant,
if d(A) = A.

In this section, we define the |left derivations

Definition 3.5. Let X be aBCIK-algebra By aleft derivation of X, we mean a self-map D of X

satisfying
D(x*y)=(xX*D(y)) A (y*D(x)), forall x,y € X.
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Example 3.6. Let X ={0,1,2} be a BCIK-agebrawith Cayley table defined by

0
1

NRL|IO|O
NIO|O|F

2
Defineamap D: X — X by

2ifx=0,1
D(x) = )
Oifx = 2.
Thenit iseasily checked that D is aleft derivation of X.

OINININ

Proposition 3.7. Let D be aleft derivation of a BCIK -algebra X. Then for all x, y € X, we have
(1) x* D(x) =y * D(y).
(2) D(x) = appox-
(3) D(X) =D(x) A X.
(4) D(x) € L p(X).

Proof.
(1) Letx,y € X. Then
D(0) =D(x* x) = (x* D(X)) A (Xx* D(x)) =x* D(x).
Similarly, D(0) =y * D(y). So, D(x) =y * D(y).
2) Letx € X. Then
D(x) =D(x * 0)
=(x*D(0)) A (0* D(x))
=(0* D(x)) * ((0* D(x)) * (x * D(0)))
<07 (0* (x* D(x))))
=0* (0" (x* (x* D(x))))
=0 (0* (D(X) A x))
= 3p(x)Ox-
Thus D(X) < appox. But
apxyox = 0(0* (D(X) A X)) < D(X) A x < D(x).
Therefore, D(X) = apox-
(3) Let x € X. Then using (2), we have
D(X) = apxyox < D(X) A X.
But we know that D(x) A x < D(x), and hence (3) holds.
(4) Sincea, € L p(X), for all x € X, we get D(x) € L ,(X) by (2).

Remark 3.8. Proposition 3.3(4) implies that D(X) is a subset of L p(X).

Proposition 3.9. Let D be aleft derivation of a BCIK-algebra X. Then for all x, y € X, we have
(1) Y * (y* D(x)) = D(x).
(2) D(x) *y € L n(X).

Proposition 3.10. Let D be aleft derivation of a BCIK-agebra of a BCIK-algebra X. Then
(1) D(O) € L p(X).
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(2) D(x) =0 + D(x), forall x € X.

(3) D(x +y) =x+ D(y), for all x, y € L p(X).

(4) D(x) = x, forall x € X if and only if D(0) = 0.
(5) D(x) € G(X), for all x € G(X).

Proof.
(1) Follows by Proposition 3.3(4).
(2) Let x € X. From Proposition 3.3(4), we get D(X) = ap(), SO we have

D(X) =apx) =0* (0* D(x)) = 0+ D(x).
(3) Letx,y € L p(X). Then
D(x+y) =D(x* (0*y))
=(x*D(0*y)) A ((0*y)* D(x))
((0*y)* D(x)) * (((0* y) * D(x) * (x* D(0* y)))
x* D(0*y)
X* ((0* D(y)) ~ (y* D(0)))
=x* D(0*y)
=x* (0 D(y))
=X + D(y).
(4) Let D(0) =0and x € X. Then
D(X)=D(X) A x=x* (x*D(X))=x*D(0)=x* 0=x.
Conversely, let D(x) = x, for all x € X. So it is clear that D(0) = 0.
(5) Let x € G(x). Then 0 * = x and so
D(x) =D(0* x)
=(0* D(x)) A (x* D(0))
=(x*D(0) * ((x* D(0) * (0* D(x))
=0* D(X).
This give D(x) € G(X).

Remark 3.11. Proposition 3.6(4) shows that aregular left derivation of a BCIK -algebrais the identity
map. So we have the following:

Proposition 3.12. A regular left derivation of aBCIK-algebraistrivial.

Remark 3.13. Proposition 3.6(5) gives that D(x) € G(X) < L p(X).

Definition 3.14. Anideal A of aBCIK-algebra X issaid to be D-invariant if D(A) c A.

Now, Proposition 3.8 helps to prove the following theorem.

Theorem 3.15. Let D be aleft derivation of a BCIK-algebra X. Then D isregular if and only if ideal of
X is D-invariant.
Proof.
Let D be aregular |eft derivation of a BCIK-algebra X. Then Proposition 3.8. givesthat D(x) = x, for
all
x € X. Lety € D(A), where A is an ideal of X. Then y = D(x) for some x € A. Thus
Y*X=D(X)*x=x*Xx=0€A.

Theny € A and D(A) cA. Therefore, A is D-invariant.

Conversely, let every ideal of X be D-invariant. Then D({0}) < {0} and hence D(0) and D is
regular.

International Journal of Multidisciplinary Research Review, Vol.7, Issue-3, March-2021, Page- 42



m Research Paper IIVMDRR

Impact Factor: 6.089
Peer Reviewed Monthly Journal E- 1S9\ -2395-1885
www.ijmdrr.com ISSN -2395-1877

Finally, we give a characterization of aleft derivation of a p-semi simple BCIK-algebra.
Proposition 3.16. Let D be aleft derivation of ap-semi simple BCIK-agebra. Then the following hold
forall x,y € X:
(1) D(x * y) =x* D(y).
(2 DX)* x=D(y)* Y.
(3) D(x) * x =y * D(y).
Proof.
(1) Letx,y € X. Then
D(x*y)=(x*D(y)) A A (y* D(x)) =x* D(y).
(2) We know that
(x*y)* (x* D(y)) < D(y) *yand
(y*x)* (y* D(x)) < D(x)*x.
This means that
(x*y)* (x* D(y))) * (D(y) * y) =0, and
(S(cs)/* x)* (y * D(x))) * (D(x) * x) = 0.
((x*y)* (x* D(y))) * (D(y) * y) = ((y * x) * (y * D(x))) * (D(x) * x). (1)
Using Proposition 3.3(1), we get,
(x*y)* D(x*y)=(y* x)* D(y* x). (I
By (1), (I1) yields
(x*y)* (x* D(y)) =(y* x) * (y * D(x)).
Since X isap-semi simple BCIK-algebra. (1) implies that
D(x) * x=D(y) * y.
(3) Wehave, D(0) =x * D(x). From (2), weget D(0) * 0=D(y) * y or D(0) = D(y) * v.
So D(x) * x =y * D(y).

Theorem 3.17. In ap-semi smple BCIK-algebra X aself-map D of X isleft derivation if and only if
and if it isderivation.
Proof.
Assume that D is aleft derivation of a BCIK-algebra X. First, we show that D isa(r, |)-derivation of X.
Then
D(x*y)=x* D(y)
= (D) * y) * (D) * Y) * (x* D(y)))
= (x* D(y)) A (D(x) * y).

Now, we show that D isa(r, |)-derivation of X. Then
DX *Y)=x*D(y)
=(x*0)* D(y)
= (x* (D(0) * D(0)) * D(y)
= (x* ((x* D(x)) * (D(y) * y))) * D(y)
(x* ((x* D(y)) * (D(x) * y))) * D(y)
=(x* D(y) * ((x* D(y)) * (D(x) * Y))
= (D) *y) A (x* D(y))-
Therefore, D isaderivation of X.
Conversdly, let D be aderivation of X. Soitisa(r, I)-derivation of X. Then

D(x*y) = (x* D(y)) » (D(X)*y)
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= (D) * y) * ((D(x) * y) * (x * D(y)))
=x* D(y) = (y * D(x)) * ((y * D(x)) * (x* D(y)))
=(x* D(y)) A (y* D(x)).

Hence, D is aleft derivation of X.

4. t-Derivationsin BCIK-algebra /p-Semi ssmple BCIK-algebra

The following definitions introduce the notion of t-derivation for a BCIK -algebra.

Definition 4.1. Let X be aBCIK-algebra. Then for t € X, we define a self-map d; : X — X by di(x) = x
*t forall x € X.

Definition 4.2. Let X be aBCIK-algebra. Then for any t € X, a self-map d; : X —> X iscalled aleft-
rifht t-derivation or (l,r)-t-derivation of X if it satisfies theidentity di(x * Y) = (di(X) * y) A (X * di(y))
for al

X,y € X.

Definition 4.3. Let X be aBCIK-algebra. Then for any t € X, a self-map d; : X — X iscalled aleft-
right t-derivation or (I, r)-t-derivation of X if it satisfies the identity di(x * y) = (x * di(y)) A (di(X) * y)
forall x,y € X.

Moreover, if diisboth a(l, r)and a(r, 1)-t-derivation on X, we say that d;is at-derivation on X.
Example4.4. Let X ={0,1,2} be a BCIK-agebrawith the following Cayley table:

NRL|IO|O

NR|O| *
NOO|F
OINININ

For any t € X, define a self-map d; : X — X by di(x) = x * t for all x € X. Then it is easily checked that
d; isat-derivation of X.

Proposition 4.5. Let d; be a self-map of an associative BCIK-algebra X. Then d;isa(l, r)-t-derivation
of X.
Proof. Let X be an associative BCIK-algebra, then we have

d(x *y) =(x*y)

={x*(y*}*0

{x* (y* 9} * [{x* (y* O} *{x* (y *}]
{x*(y*Or* {x* (y*0} *{(x*y)* t}]
={x*(y* O} * [{x* (y* O} *{(x* 1) * y}]
=((x*)*y) A (x*(y*1)
= (di(x) * y) A (x* di(y)).

Proposition 4.6. Let d; be a self-map of an associative BCIK-algebra X. Then, diisa(r, I)-t-derivation
of X.
Proof. Let X be an associative BCIK-algebra, then we have
d(x*y)=(x*y)*t
={x**y}*0
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={(x*t)*y} *[{(x* ) *y} * {(x* ) * y)]
={x*)*y} *[{(x* )"y} *{(x*y)* t}]
={(x*)*y} *[{(x* ) *y}* {x* (y* )}]
=(X*(y* ) A (xX*t)*y)
= (X* d(y)) A (d(x)*y)

Combining Propositions 4.5 and 4.6, we get the following Theorem.

Theorem 4.7. Let d; be a self-map of an associative BCIK-algebra X. Then, d; isat-derivation of x.
Definition 4.8. A self-map d; of aBCIK-algebra X is said to bet-regular if di(0) = 0.
Example4.9. Let X ={0, a, b} be a BCIK-agebrawith the following Cayley table:

*10]a|b
0/0|0|b
ajaj0|b
b/b|b|0
(1) For any t € X, define a self-map d; : X -> X by
bif x=0,a
A =x7 1 {Oifx:b

Then it iseasily checked that d; is (I, r) and (r, I)-t-derivations of X, which isnot t-regular.
(2) Forany t € X, define aself-map d’;: X — X by
d’X)=x*t=0ifx=0,a
bif x=h.
Then it iseasily checked that d;” is (I, r) and (r, I)-t-derivations of X, which ist-regular.

Proposition 4.10. Let d; be a self-map of a BCIK-algebra X. Then
(1) If drisa(l, r)-t- derivation of x, then dy(x) = di(x) A x forall x € X.
(2) If drisaf(r, )-t-derivation of X, then di(x) =x A di(x) for all x € X if and only if d; ist-regular.

Proof.

(1) Let d; bea(l, r)-t-derivation of X, then

di(X) = di(x * 0)
= (d(x) * 0) A (x* di(0))

d(x) A (x* d(0))
{x* di(0)} * [{x* d(0)} * di(x)]
={x* d(0)} * [{x* di(x)} * ck(O)]
<x* {x* di(x)}
=d(X) A X.

But di(x) A X <d(x) istrivial so (1) holds.
(2) Let d; beaf(r, I)-t-derivation of X. If di(x) = x <d(x) then
di(0) =0 A di(0)
=di(0) * { di(0) * O}
= d(0) * d(0)
=0
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Thereby implying d; ist-regular. Conversely, suppose that d; is t-regular, that is d;(0) = 0, then we have
di(0) = di(x * 0)
=(x* di(0)) A (di(x) * 0)
=(x*0) A di(x)
=X A di(X).
The completes the proof.

Theorem 4.11. Let d; be a(l, r)-t-derivation of ap-semi simple BCIK-algebra X. Then the following
hold:
(1) di(0) =di(x) * x for al x € X.
(2) d; isone-One.
(3) If there is an element x € X such that di(x) = X, then d; is identity map.
(4) 1fx <y, thend(x) < dy(y) forall x,y € X.
Proof.
(1) Let d: bea(l, r)-t-derivation of ap-semi ssimple BCIK-algebra X. Then for all x € X, we have
x* x=0and so
di(0) = di(x * X)
= (dh(X) * X) A (X (X))
={x* d()} * [{x* d(x)} * {ck(x) * x}]
= dy(X) * X
(2) Let di(x) =di(y) =>x* t=y* t, then we have x =y and so d; is one-one.
(3) Let d; bet-regular and x € X. Then, 0 = di(0) so by the above part(1), we have 0 = di(x) * x and,
weobtain dy(x) = x for all x € X. Therefore, d; is the identity map.
(4) Itistrivia and follows from the above part (3).
Letx < yimplyingx*y=0. Now,
d(x) * diy) = (x* ) * (y * 1)
=X*y
=0.
Therefore, di(x) < di(y). This completes proof.

Definition 4.12. Let d; be at-derivation of a BCIK-algebra X. Then, d; is said to be an isotone t-
derivationif x <y = di(x) < di(y) forall x,y € X.

Example 4.13. In Example 4.9(2), d;’ is an isotone t-derivation, while in Example 4.9(1), d; is not an
isotone t-derivation.

Proposition 4.14. Let X be aBCIK-algebraand d; be at-derivation on X. Then for all x, y € X, the
following hold:

(1) If di(x A y) = di(X) di(x) di(X) , then d; is an isotone t-derivation

(2) If di(x A y) =di(x) * di(y), then d; is an isotone t-derivation.

Proof.
(1) Letdi(x A y) =di(X) A di(X).If x <y = x A y=xTorall x,y € X. Therefore, we have
di(X) = di(x A Y)
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=d(x) A di(y)
< d(y).

Henceforth di(x) < di(y) which impliesthat d; is an isotone t-derivation.
(2) Letdi(x * y) =di(X) * di(y). If x <y = x*y=0forall x, y € X. Therefore, we have
di(x) = di(x * 0)

=dfx* (x* y)}
= dh(x) * di(x * y)
= d(x) * { di(x) * d(y)}
< di(y).

Thus, di(x) < di(y). This completes the proof.

Theorem 4.15. Let d; be at-regular (r, I)-t-derivation of a BCIK-algebra X. Then, the following hold:
(1) di(x)< x forall x € X.
(2) di(x)*y < x*dyy)forall x,y € X.
() dix*y)=di(x)*y < dix)* dyy) forall x,y € X.
(4) Ker(d) ={x€ X:di(x)=0} isasub agebraof X.

Proof.
(1) Forany x € X,
wehave di(X) = di(x * 0) = (X * di(0)) A (d(X) * O) =(x* 0) A (ck(X)* 0) =x A di(X) < X.
(2) Since di(x) < x forall x € X, then di(x) * y < x* y < x* di(y) and hence the proof follows.
(3) Forany x, y € X, we have
di(x * y) = (x * di(y)) A (ch(X) * y)
={c(x) * y} * [{ch(x) * y} * {x* di(x)}]
={d(x)*y} * O
=di(x) * y < di(X) * di(x).
(4) Letx,y € ker (d;) = di(x) =0=d(y). From (3), wehavedi(x * y) < di(X) * d(y) =0*0=0
implying di(x * y) < 0and so di(x * y) = 0. Therefore, x * y € ker (d;). Consequently, ker(d;) is
asub algebraof X. This completes the proof.

Definition 4.16. Let X be aBCIK-agebraand let d;,d;’” be two self-maps of X. Then we define
dod’: X— Xby(dod’)(x)=di(d’(x)) for all x € X.

Example4.17. Let X ={0, a, b} be aBCIK-algebrawhich is given in Example 4.4. Let d; and d;’ be
two
self-maps on X as define in Example 4.9(1) and Example 4.9(2), respectively.
Now, defineaself-map diod’” : X— X by
Oif x=a,b

drod’)(x) =

(o)t { bif x=0.
Then, it easily checked that (d; o d;”) (X) = di(d;’(x)) for all x € X.

Proposition 4.18. Let X be ap-semi ssimple BCIK-algebra X and let d;, d;’ be (I, r)-t-derivations of X.
Then, d; o d;’ is also a (I, r)-t-derivation of X.
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Proof. Let X be ap-semi simple BCIK-agebra. d: and d;” are (I, r)-t-derivations of X. Then for al x, y
€ X, we get
(diod’) (x *y) = di(d’(x,y))
= (e’ (x) *y) A (x* d(y))]

= a(x* dr(y)) * {(x * d(y)) * (d’(x) * y)}]
= d(d'(x) *y)
= {x* d(d’(y))} * [{x ™ de(d’(¥))} * {c(c’(x) * ¥)}]

={ di(d’(x) *¥)} ~ {x* c(c’(y))}
=((drod’)(x) *y) A (x* (diod)(y)).
Therefore, (d: 0 d;’) is a (I, r)-t-derivation of X.
Similarly, we can prove the following.

Proposition 4.19. Let X be a p-semi ssmple BCIK-algebra and let d;,d;’ be (r, I)-t-derivations of X.
Then,
d:od; isalsoa (r, I)-t-derivation of X.
Combining Propositions 3.18 and 3.19, we get the following.
Theorem 4.20. Let X be ap-semi ssmple BCIK-algebraand let d;,d;’” be t-derivations of X. Then, d; 0
d:’ is also a t-derivation of X.
Now, we prove the following theorem

Theorem 4.21. Let X be ap-semi ssmple BCIK-algebra and let d;,d;’” be t-derivations of X.
Then dt (6] dt’ = dt’ 0 dt.
Proof. Let X be ap-semi simple BCIK-agebra. d; and d’, t-derivations of X. Supposed;’ is a
(1, r)-t-derivation, then for all x, y € X, we have
(diod’) (x*y)=di(d’(X *Y))

= df(d’(x) *y) A (x* di(y))]

= (x * d’(y)) * {(x * di(y)) * (d’(xX) * Y)}]

= di(d’(x) *'y)

= (di'(X) * dh(y)) A (d(d’(x)) *y)
=d¢’(X) * di(y).
Again, if d;isa(r, I)-t-derivation, then we have
(diod’) (x*y)=d’[di(x * y)]
= d’[(x * di(y)) A (d(X) * V)]
=d’[x * di(y)]

= (d’'(X) * di(y)) A (x* di’(d(y))

= d’(x) * di(y)
Therefore, we obtain
(dod’) (x*y)=(d ody) (x*y).
By putting y = 0, we get
(dod’) (x) =(d’ od) (x) forall x € X.
Hence, d; o di” = di’ o d;. This completes the proof.

Asd:isa(r, I)-t-derivation, then

But d;’ is a (I, r)-t-derivation, then
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Definition 4.22. Let X be aBCIK-agebraand let d;,d;’” two self-maps of X. Then we define
di*d’: X—> Xby(d* d’)(x) =di(x) * di’(x) forall x € X.

Example 4.23. Let X ={0, a, b} beaBCIK-algebrawhich is given in Example 3.4. let d; and d;” be two
Self-maps on X as defined in Example 4.9 (1) and Example 4.10 (2), respectively.
Now, defineaself-map d; * di” : X— X by

Oif x=a,b
& * d7)(x) =
(A a0 {bif x=0.

Then, it iseasily checked that (d; * d;’) (X) = di(x) * d’(x) for all x € X.

Theorem 4.24. Let X be ap-semi smple BCIK-algebraand let d;,d;’ be t-derivations of X.
Then dt * dt’ = dt’ * dt.
Proof. Let X be ap-semi simple BCIK-agebra. d: and d;’, t-derivations of X.
Sinced;’ isa (r, I)-t-derivation of X, then for all x, y € X, we have
(dkod’) (x *y) = di(c’(x *y))
= d{(x* d’(y)) A (d’(x) *y)]
= df(x* d’(y)]

= (d(x) * di’(y)) A (X* di(di’(y))
= di(X) * di’(x).

But diisa(l, r)-r-derivation, so

Again, if d;’ isa (I, r)-t-derivation of X, then for all x, y € X, we have
(dod’) (x*y)=did’(x*y)]
= dhf(d’(x) *y) A (x* di’(y)]
= df(x* di’(y)) * {(x* de’(y)) * (d’(x) * y)}]
= d(de’(x) * y).

= (A'(x) * di(y)) A (c(d’(X)) * )

=4’ (X) * di(y).
Henceforth, we conclude
di(x) * di’(y) = di’(X) * di(y)

Asdisa(r, I)-t-derivation, then

By putting y =X, we get

dh(x) * di’(x) = di’(x) * di(x)

(dt * dt1) (X) = (dt1 * dt)(X) forall x € X.
Hence d: * d =d¢” * di. This completes the proof.

5. f-derivation of BCIK-algebra
In what follows, let be an endomorphism of X unless otherwise specified.

Definition 5.1. Let X be aBCIK algebra. By aleft f-derivation (briefly, (I, r)-f-derivation) of X, a self-
map di (X * y) = (dk (X) * f(y)) A (F(X) * d; (y)) for all X, y € X is meant, where f is an endomorphism of
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X. If d; satisfies the identity d; (x * y) = (f(X) * dr (y)) A (df (X) * f(y)) for all X, y € X, then it is said
that d; is a right-left f-derivation (briefly, (r, 1)-f-derivation) of X. Moreover, if d; is both an (r, |)-f-
derivation, it issaid that ds is an f-derivation.

Example5.2. Let X ={0,1,2,3,4,5} be aBCIK-a gebrawith the following Cayley table:

*10[1]2]3/4|5
0/0/]0]2]2]2]2
1/1/0]2/2]2|2
2/2/2/0/0]/0]|0
3[/3/2(1]0]0/0
414/2]1]1/0]1
5/5/2]1]/1]1|0

DefineaMap di: X — X by

Ootherwise,
and define and endomorphism f of X by
2if x=0,
=100 0
Ootherwise,
That it is easily checked that d; is both derivation and f-derivation of X.

o= {Zif x=0,1,

Example5.3. Let X beaBCIK-algebraasin Example 2.2. Defineamap di : X — X by
2if x=0,1,
= .
Ootherwise,
Thenitiseasily checked that d; isaderivation of X.

Define an endomorphism f of X by
f(x) =0, forall x € X.

Then d; is not an f-derivation of X since
dr (2% 3) =0 (0) =2,
but
k@*fR)) A f(*dk(3)=(0O0*0) A (0*0)=0A 0=0,

Andthusdr (2* 3) = (dk (2) * (3)) A (F(2) * dk (3)).

Remark 5.4. From Example 5.3, we know that there is a derivation of X which is not an f-derivation X.
Example 2.5. Let X ={0,1,2,3,4,5} be aBCIK-agebrawith the following Cayley table:
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*10(1(12|3[4]5
0/0/0|3|2[3]2
1111|5432
212/2]0(3]0/3
3/3[3/2/0[2]0
414/2|1/5[/0]3
5/5/3/4|1]/2|0
Defineamap d; : X — X by
0if x=01,
dr (X) = < 2if x=2,4,
3if x=35,
and define an endomorphism f of X by
0if x=01,
f(x)=<2if x=24,
3if x=35,

Then it is easily checked that d; is both derivation and f-derivation of X.

Example 5.6. Let X be aBCIK-algebraasin Example 5.5. Defineamap di : X — X by
0if x=01,
dr (X) =< 2if x=2,4,
3if x=35,

Then it is easily checked that d; is aderivation of X.
Define an endomorphism f of X by
f(0)=0 f(1)= 1, f(2J=3 f(3)=2, f(4) =5 f(5)=4
Then ds is not an f-derivation of X since
d(2* 3)=dk (3) =3,
but
@2 *fR) A F@R*dk(3)=2*2) A 3*3)=0A 0=0,
Andthus di (2* 3) = (di (2) * f(3)) A (f(2) * d (3)).

Example5.7. Let X beaBCIK-algebraasin Example 2.5. Defineamap di : X — X by
df (O) = O! df (1) = 1! df (2) = 3! df (3) = 2! df (4) = 5’ df (5) = 4,

Then d; is not aderivation of X since
di (2* 3) =0 (3) =2,
k@*3) A 2*kB))=B*3) A (2*2)=0A 0=0,
AndthusAndthus di (2* 3) =(d: (2) * 3) A (2* d; (3)).
Define an endomorphism f of X by
f(0)=0, f(1)=1, f(2=3, f(3)=2, f(4) =5 f(5)=4
Thenit iseasily checked that d; is an f-derivation of X.
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Remark 5.8. From Example 5.7, we know there is an f-derivation of X which is not a derivation of X.
For convenience, we denote f, = 0 * (0 * f(x)) for all x € X. Note that fy € L ,(X).

Theorem 5.9. Let d; be a self-map of aBCIK-algebra X define by d; (x) = f, for all x € X.
Then drisan (I, r)-f-derivation of X. Moreover, if X iscommutative, then d; isan (r, I)-f-derivation of
X.

Proof. Letx,y € X
Since
0* (0% (fx* f(y))) =0~ (0* (O (0™ f(x)) * f(y)))
=0 ((0* ((0* f(y)) * (0* f(x))))
=0* (0% (0* f(y* x))) =0* f(y *x)
=0~ (f(y) * f(x)) = (0* f(y)) * (O™ f(x))
= (0 (0™ f(x))) * f(y) = fx* f(y),
We havefy * f(y) € L pn(X), and thus
fx* (y) = (F(x) * fy) * ((F(3) * fy) * (B ™ (),
It follows that
di (X * X) =fxxx=0* (0™ f(x*y)) =0~ (0* (f(x) * f(y)))
=(0* (0™ f(x))* (0* (0™ f(y))) =fx* fy
=(0* (0% £))* (0* (0 f(y)) =0~ (0™ (fx* f(y)))
=1 f(y) = (Ff(x) * fy) * ((F(x) * fy) * (£ * £(y)))
= (Hx () A (FO) A fy) =(ck (%) * f(y)) A (F(X) * di (),

And so drisan (I, r)-f-derivation of X. Now, assume that X is commutative. So d; (x) * f(y) and f(x) *
dr (y) belong to the same branch x, y € X, we have
di (x) * f(y) =fx * f(y) = (0 (£ * f(y)))

=(0* (0" f)) * (0* (0™ f(y)))

=fy* €V (fx * fy),
And so f,* £ = (0* (0* f(x))) * (0* (0* fy)) =0* (O (f(x) * fy)) =0 (0* (f(x) * d (y)) < f(x) * d
(y), which impliesthat f(x) * d; (y) € V(fx * fx). Hence, d; (y) * f(y) and f(x) * d: (y) belong to the same
branch, and so

dr (x* x) = (d (x) * f(y)) A (F(X) * dk (y))
= (f() * e () A (ke (x) * £(y)).

This compl etes the proof.

Proposition 5.10. Let di be a self-map of a BCIK-algebra. Then the following hold.
(1) If drisan (I, r)-f-derivation of X, then d; (X) = d; (X) A f(x) for all x € X.
(2) If drisan (r, I)-f-derivation of X, then d; (X) =f (X) A di (X) for all x € X if and only if d; (0) =
0.

Proof.
(1) Letdrisan (r, |)-f-derivation of X, Then,
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dr (x) = dr (x* 0) = (ck (x) * f(0)) A (f(x)* d (0))
=(d (x) * 0) A (f(x) * dr (Q) =dk (x) A (f(x) * dr (0))
= (F(x) * dr (0)) * ((f(x) * d (Q)) * c (x))
= (f(x) * dr (0)) * ((f(x) * dk (0) * dr (0))
< f(x) ™ (f(x) * dr (X)) = d (x) A ().
But di (X) A f(X) < d (x) istrivia and so (1) holds.
(2) Let di bean (r, )-f-derivation of X. If di (x) =f(x) * d; (x) for all x € X, then for x =0,
di (0) =£(0) * d () =0 A f(0) =d (0) * (ds (0) * 0) = 0.
Conversely, if d (0) =0, then d; (X) = d; (x * 0) = (f(x) * (dk (0)) A (s (X) * f(0)) =
f(x)* 0)) A (dr () * 0) =f(X) A d (X), ending the proof.

Proposition 5.11. Let d: be an (I, r)-f-derivation of aBCIK-algebra X. Then,
(1) dr (x) € L p(X), thenisd; (0) =0* (0* dr (X));
(2) d (8 =d; (0) * (0* f(a)) = ds (0) + f(a) for all a € L ,(X);
(3) dr (a) € L x(X) forall a € L p(X);
(4) d: (a+b) =d; (a) + d; (b) - d; (0) for all &, b € L x(X).

Proof.

(1) The proof follows from Proposition 5.10(1).

(2) Leta€ L p(X), thena=0* (0 *a), and so f(a) =0 * (0 * f(a)), that is, f(b) € L p(X).
Hence

d; (&) = dk(0* (0* &)
(d:(0) * £(0* @) A (f(0) * di(0 ™ &)
(dk(0)* f(0* @) A (O* k(0 * &)
(0* d(0™ &) * ((0* d(0* &) * (dk (0) * f(O* a)))
(0* di(0™ &) * ((0* (d(0) * f(O* &))) * di(0* &))
0* (0% (&(0) * (0~ f(a))))
=di(0) * (0* f(a) = di(0) + f(a).

(3) The proof follows directly from (2).

(4) Leta, b € L x(X). Note that a + b € L p(X), so from (2), we note that
dr (a+ b) =di(0) + f(a@) + dr(0) + f(b) - d(0) = de(a) + d(0) - dr(0).

Proposition 5.12. Let d: be a(r, |)-f-derivation of a BCIK-algebra X. Then,
() dr (@) € G(X) for all a € G(X);
(2) dr (a) € L x(X) for all a € G(X);
(3) dr (a) =f(a) * di (0) =f(a) + ds (a) forall a, b € L x(X);
(4) dr (a+b) =ds (a) + dr (b) - dr (0) for all a, b € L ,(X).

Proof.
(1) Forany a € G(X), we have d; (a) = d; (0* &) = (f(0) * dr (8)) A (d:(0) + f(a))
= (di(0) +f(a)) * ((dk(0) +f(a)) * (0* dr(0))) = 0* di(0), and so de(a) € G(X).
(2) Forany a € L p(X), we get
di (@ =d (0* (0* @) =(0*di (0* @) A (d(0) * f(O* @)
= (ck(0) * (0 &) * ((di(0) * f(O* &) * (O™ ck(0* &)))
=0* di(0 * a) € L p(X).
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(3) Forany a € L (X), we get
di (8 = dr (a* 0) = (f(a) * dr (0)) A (ck(a) * 1(0))
=di (8 * (ck (a) * (f(a) * dr (0))) =f(a) * d (0)
=f(@* (0™ dr (0)) =f(a) + d (a).
(4) The proof from (3). This completes the proof.
Using Proposition 5.12, we know thereis an (l,r)-f-derivation which is not an (r,l)-f-derivation as
shown in the following example.

Example 5.13. Let Z be the set of all integers and “-* the minus operation on Z. Then (Z, -, 0) isa

BCIK-agebra Let di : X — X bedefined by d; (x) =f(x) — 1 forall x € Z.

Then,

(c () = f(y)) A (F(X) - dk (y)) = (F(x) = 1=F(y)) A (F(X) - (F(y) - 1))

=(fx=Y)-1) A (f(x-y) +1)
=(fx-Y)+1)-2=f(x-Y)-1
=di (X -y).

Hence, drisan (1, r)-f-derivation of X. But d; (0) =f(0)-1=-1#1= f(0) - dr (0) =0 - d (0),

that is, df (0) ¢ G(X). Therefore, d; isnot an (r, |)-f-derivation of X by Proposition 2.12(1).

6. Regular f-derivations
Definition 6.1. An f-derivation di of aBCIK-algebra X issaid to bearegular if d; (0) =0
.Remark 6.2. we know that the f-derivations d; in Example 5.5 and 5.7 are regular.
Proposition 6.3. Let X be acommutative BCIK-algebra and let d: be aregular (r, |)-f-derivation of X.
Then the following hold.
(1) Both f(x) and d; (x) belong to the same branch for all x € X.
(2) drisan (I, r)-f-derivation of X.
Proof.
(1) Letx € X. Then,
0=d; (0) = dr (a* X)
=(f(a)* di (X)) A (dr (&) * f(x))
= (dr (a) * f(x)) * ((dr (&) * f(x)) * (f(x) * dr (a)))
= (dk () * f(x)) * ((dr () * f(x)) * (f(x) * d (a)))
=fx* dr (&) sincefy * dr (&) € L p(X),
And so fy < dr (x). Thisshowsthat d; (x) € V(X), Clearly, f(x) € V(X).
(2) By (1), we havef(x) * di (y) € V(fx * fy) and di (x) * f(y) € V(fx * fy). Thus
di (X *y) = (F(x) * dr (¥)) A (0 (X) * F(y)) = (0 (X) * F(¥)) A (F(X) * dk (y)), which implies that
drisan (I, r)-f-derivation of X.

Remark 6.4. The f-derivations di in Examples 5.5 and 5.7 are regular f-derivations but we know that
the (I, r)-f-derivation d; in Example 5.2 is not regular. In the following, we give some properties of
regular f-derivations.

Definition 6.5. Let X be aBCIK-algebra. Then define ker di = {x € X / d¢ (x) = O for al f-derivations
d}.

Proposition 6.6. Let di be an f-derivation of a BCIK-algebra X. Then the following hold:
(1) dr (x) < f(x)forall x € X;
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(2) dr (x) * f(y) < f(X) * dk (y) forall x,y € X;
@B di(x*y)=d (xX)*f(y) < di (x)* di (y) forall x,y € X;
(4) ker dr isasub agebraof X. Especidly, if f ismonic, then ker di < X..
Proof.
(1) The proof follows by Proposition 5.10(2).
(2) Since ds (x) < f(x) for all x € X, then df (x) * f(y) < f(x) * f(y) < f(X) * d: (y).
(3) For any x, y € X, we have
di (x * y) = (F(x) * dr (¥)) A (ck (x) * f(y))
= (dk () * £(y)) * ((ck (x) * f(y)) * f(x) * di (¥)))
= (dr (x) * f(y)) * O=dk (x) * f(y) < dr (x) * i (y),
Which proves (3).

(4) Letx,y € kerds, thend: (X) =0=d: (y),andsod: (x*y) < di (X) * dr (y) =0* 0=0hy (3),
and thus d; (x *y) = 0, that is, x * y € ker ds, then 0 = d; (x) < f(x) by (1), and so f(x) € X,
that is, 0 * f(x) = 0, and thus f(0 * x) = f(x), which that 0 * x = x, and so X € X, , that is,
ker df c Xi.

Theorem 6.7. Let be monic of acommutative BCIK-algebra X. Then X is p-semi smpleif and only if
ker di = {0} for every regular f-derivation d of X.

Proof.

Assume that X is p-semi simple BCIK-algebra and let d; be aregular f-derivation of X. Then X. = {0},
and So ker di = {0} by using Proposition 6.6(4), Conversely, let ker di = {0} for every regular f-
derivation d; of X. Define a self-map d; of X by d’¢(0) = f, for all x € X. Using Theorem 5.9, d'; is an f-
derivation of X. Clearly, ds (0) = fo = 0* (0 * f(0)) = 0, and so d'; is a regular f-derivation of X. It
follows from the hypothesis that ker d'; = {0}. In addition, d's (x) = fx=0* (0* f(x)) =f(0* (0* x)) =
f(0) = 0 for al x € X, and thus x € ker d';. Hence, by Proposition 6.6(4), X. € ker d'; = {0}.
Therefore, X is p-semi ssmple.

Definition 6.8. Anidea A of aBCIK-agebra X issaid to be an f-ided if f(A) < A.

Definition 6.9. Let d; be a self-map of a BCIK-algebra X. An f-ideal A of X issaid to be d; —invariant
if
di(a) < A.

Theorem 6.10. Let di be aregular (r, |)-f-derivation of aBCIK-agebra X, then every f-ideal A of X is
d(A) < A.

Theorem 6.10. Let di be aregular (r, |)-f-derivation of a BCIK-algebra X, then every f-idea A of X is
dr —invariant.

Proof.

By Proposition 6.10(2), we have di(x) = f(X) A di(x) < f(x) forall x € X. Lety € d:(A). Let y € d:(A).
Then y = di(x) for some x € A. It follows that y * f(x) = di(x) * f(x) = 0 € A. Since x € A, then f(x) €
f(A) < A asA isanf-ideal. It follows that y € A since A isanideal of X. Hence di(A) < A, and thus
A isd; — invariant.
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Theorem 6.11. Let di be an f-derivation of a BCIK-algebra X. Then d; isregular if and only if every f-
ideal of X isds-invariant.

Proof. Let d: be a derivation of a BCIK-algebra X and assume that every f-ideal of X is dr —invariant.
Then

Since the zero ideal {0} isf-idea and dr —invariant, we have dr ({0}) {0}, which implies that d:(0) =
0.
Thus d; is regular. Combining this and Theorem 6.10, we complete the proof.

7. Conclusion

Derivation is avery interesting and are of research in the theory of algebraic structures in mathematics.
The theory of derivations of algebraic structures is a direct descendant of the development of classical
Galosis theory. In this paper, we have considered the notation of f-derivations in BCIK-algebra and
investigated the useful properties of the f-derivations in BCIK-algebra. Finally, we investigated the
notion of f-derivations in a p-semisimple BCIK-al gebra and established some results on f-derivationsin
a p-semisimple BCIK-algebra. In our opinion, these definitions and main results can be similarly
extended to some other algebraic system such as subtraction algebras, B-algebras, MV-algebras, d-
algebras, Q-algebras and so forth.

In our future study of f-derivation | BCIK-algebra, may be the following topics should be considered:
(1) Tofind the generalized f-derivations of BCIK-algebra,
(2) Tofind moreresult in f-derivation of BCIK-algebra and its applications,
(3) To find the f-derivations of B-algebras, Q-algebras, subtraction algebras, d-algebra and so forth.
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