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Abstract

Our objective here is limited to the Stokes equations alone. The Sokes equations represent the linear portion of the Navier-
Sokes equation. We wish to show that, under reasonable conditions, these equations can be reformulated as an abstract
linear evolutionary equation d,u+Au = 0 on an appropriate Hilbert space. We will show, among other things that the
associated Stokes operator A isa positive, self adjoint operator with compact resolvent.
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1. Introduction

The Navier-Stokes equations are deferential equations which, unlike algebraic equations, do not explicitly establish arelation
among the variables of interest (e.g. velocity and pressure). Rather, they establish relations among the rates of change. For
example, the Navier-Stokes equations for simple case of an ideal fluid (inviscid) can state that acceleration (the rate of change
of velocity) is proportional to the gradient (atype of multivariate derivative) of pressure. They are one of the most useful sets
of equations because they describe the physics of a large number of phenomena of academic and economic interest. They
may be used to model weather, ocean currents, water flow in a pipe, flow around an airfoil (wing), and motion of stars inside
a galaxy. As such, these equations in both full and simplified forms are used in the design of aircraft and cars, the study of
blood flow, the design of power stations, the analysis of the e ffects of pollution, etc. Coupled with Maxwell’s equations they
can be used to model and study magneto hydrodynamics.

2. Preliminaries
Let Q be abounded open set in R®, where d = 2 or 3, and assume that Q is of class C? . The Stokes equation on Q are given

by
du—piue+%¥p = f,
¥ o-u =l (1)
where the velocity u = (uy, ....., Ug ) isad-dimensional vector field on Q, the pressure p is a scalar field on Q, and the forcing
function f = f(t, X) isa known or given d-dimensional vector field on Q. Let u(t, X) = (u (t, X), ....., Ug (t, X)) be the velocity of

thefluidat (t, X) = (t, X, ..., Xg ), t € [0, T], x € Q, and let p(t, X) denote the pressure at (t, X).
The objective is to solve for u = u(t, X) and p = p(t, x) so that u and p satisfy equation (1) in Q, and u satisfies the initial
value problem

u(0, X) = uy(x), x € Q. 2
Furthermore, we assume that the Dirichlet boundary conditions
u(t,x) =0, forx € 0Qandt> 0, 3

are satisfied, where 0Q is the boundary of Q.

There is the pressure term p and the conservation equation [ -u = 0. Neither of these involve time derivatives. However, by
choosing the correct state space H, one address both of these matters: The divergence condition I - u = 0 is automatically
satisfied, and the pressure term p disappear!

We introduce the following function spaces:

L) = LY. R5) for 1 =<p<x 4
HY) = HR LR for k=12 .. (5)
O = CMOL R, for k=12 % (6)

Because of the conservation equationll - u =0, it is convenient to introduce the following function space.

v

The space Z; is acollection of divergence-free, smooth vector fields with compact support in Q. It is a linear subspace of
both L% = L%(Q) and HY(Q). Next we define

H ' Clpsainl 22

Z=E weCri):V.ou=D0in0},

Yo

(8)
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I' .j.:ll I'.Illll :'.."=2-|I‘ I (9)

The inner product < -, - >y, on H is precisely the L%inner product < -, - > 2, and the inner product < -, - >y onV isthe H'-
inner product, i.e., from the definition Sobolev space,

H™Q) = W™P(Q) = {u € L(Q)| D? u € LP(Q) for all |a| < m} . (10)

Letp=2and m=1, we get

HY(Q) = WH(Q) ={u € LAQ)| D% u e LAQ) for all |a|< 1}, u € HYQ)
HY(Q) ={Jalu|?dX +fo|/ ul’dx}.

It can be written asin terms of inner product
<uv>y=<uv>2+2? < DuUDV>L,,u Ve V. (11)

Wedefinel L ?, by

IFuls = Z |Dulie, for we H'(Q)
imrl

(12)
From the poincare inequality, there is aconstant ¢ > 0 such that
Dul 2<d 7ul 2, fordlul Hg(Q), (13)
Substituting the equation (12) in equation (11), we get
Il = Nullzs + | ¥l (14)
Substituting the equation (13) in equation (14), we get
[l = [|Fullie+ |Vl7s
E < |1+ |'2:-i5'5_'|.';if__-.
|V nflpe < || '. < {1+ |"I:|-'r|.';:;"_, for allu e (15)

In other words, the norm ||Vull is equivaent to the V-norm [lully on V . Thereis a characterization of H which will be useful.
In particular, one has
H=0Cl:p{reC ()i ¥Vio=0 infland o nm=0on @2}, (16)
Indeed, the set
zh) &

= C T N on S and ven=I[0F un |_|"__‘:- .

(17)
The set Z,(Q) contains Z ; However, in terms of L%-norm, the space Z:; (Q)is dense Z,(Q). Therefore, the closures of these

two spacesin L%(Q) are the same. Recall that if p and u are C*-functions on Q, then
g weTp 4+ ¥ oun, im 1!

wWp o= - a4+ Voo (pu)

Since Q is of class C?, the Gauss Divergence theorem implies that

Ifl e Vpde = — / B¥ e 4 j i« tla,

Where nis the unit outward normal to the boundary 0Q. Consequently, we see that if V- u=0in Q and u - n=0 on 0Q, then the
above equation becomes _
f [T 1'._.|'-'I|'..' = LI

Let P denote the orthogonal prbjection of L2(Q) onto H. P is sometimes referred to as the Helmholtz, or the Leray,
Projection. One then has the following resullt.

Lemma: 2.1. Let Q be an open, bounded set in R® of class C2. The H" the orthogonal complement of H, satisfies
H =Clren ':"A._'.;- nE i :".._I:' (20)
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Next we want to examine the stationary solutions of the Stokes equations, i.e., the solution of

—pfNu4+Fp =
¥ oou - 0

(21)
With Dirichlet-boundary condition (3). The following result is proved in [2](Theorem3.11).
Lemma:2.2. Let Q be an open, bounded set in R? of class C2 Then there is a constant ¢ > 0 such that, for every
f € L%Q) nV and p € HY(Q,R) that satisfy (21) with /., 7= = ' and one has
| priwsi + |90l ez < el F lezim:
: (22)

The Stokes operator A is defined by Au=P(-Au) for ueD(A). Where D(A)=H*Q)nV . Thus, if (u,p) is the solution of
equation (21) given by the last Lemma, then one has

Pl—uhy) 4+ PUp = Pf and e Pf.
Applying the projection P on the above equation, we get V¢ = U
The key, to understanding equation (1) then, isto project this equation into the space H by applying P.
Pou — Pledu) + PVp = P
then we obtain Bt o =R (23)

Note that Pu = u. Since V.u = 0 in Q and as a result of a Dirichlet boundary conditions, one has u - n=0 on 9Q.
Therefore P, = B,

Also note that the pressure term Vp is missing in equation (23) because PVp=0, by Lemma 2.1, while the pressure term does
not appear in equation (23), it has not been lost. Indeed, if u is given by equation (23), then one uses the equation (20) to find
p, see[2]. We now have the following result:

Theorem:2.1. Let Q be an open, bounded set in R of class C? and let A be the Stokes operator on Q. Then the following
hold:
(1) Thelinear operator A is positive and self adjoint.
(2) Theinverse A-1 is a compact linear operator on H.
(3) The operator A is apositive, sectorial operator and there exist eigenvalues satisfying (0 < a=A; <A, <A<
...... ), and the corresponding collection of eigenvalues{e,e,, ........} formsan orthogonal basisfor H.

Proof. First of al, we show that the Stokes operator A is sysmmetric; i.e., one has

< Auv Fpa=alun) =< u, Av >pa forall wee DAL (24)
where a(u,v) isthe bilinear form
a1 = Z: s o Dar = for uw,weV. (25)
Indeed, if w, v £ DA}, then Pu = « and Pr = . Consequently, ane his
< Au =g = = —Aup =p

= = [ Awoowd
i

= - [ T:I."I'-'II-I
By applying Green’s formula

/ iyl == / v - Wuds + jr V¥ ods
4 1] IV

| vuveds

el 1|

= Z / Dow Dovds
e
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= . 1)

= [ Ven - uda— /IJ e
e vy
- )l i Nvde
L 1]
— /I; Avdr

|14

= o — =y

< Anud > = CawdAvsE
Hence Stokes operator A is symmetric. Secondly, we show that the bilinear form a(u,v) is symmetric and positive. Indeed
from the definitions, one has

alw ) = aiv, ul.
i.e., aissymmetric. From equation (15), then we obtain
(141 i v = :"':"I.'_!II_-
d
< :}: || 205 = el w), Bor all we V

Hence a(u,v) is positive. Thirdly, we show that Stokes operator A is self adjoint and positive. Indeed, if v eD(Ax), then there
isan f eH satisfying Pf =f and

< Au v Fpa== u, f i, forall u e DA,

since f € H. It follows from Lemma 2.2, that thereisaw € D(A) satisfying Aw=f.

We claim that w=v. In order to show this, it suffices to show that
< M ow—i =0, foralles DA

Let h be an arbitrary point in H. We then use Lemma 2.2, to find w eD(A) to satisfy Aw =h. One then obtains

|||..'|' — W pu = Er | 1] NpR — .-|.I|".-" g
< o AW e — o, f g
= g, f—f »is

— |;
It showsthat Av =f. Hence D(Ax) cD(A) and A is self adjoint. The positivity of A follows from equation (23).
Finally, we note that the inverseA™ is a compact operator. Indeed, for f €H we let ueD(A) be fixed so that Au=f, i.e.,
u=A-1f, Then equation (3.2.23) implies that
A7 e (S0) < ell Fll ergny-

Since the imbedding H*(Q) — L*Q) is compact, we see that A—1 is a compact operator.

3. Navier-Stokes Equations ) _
The Navier-Stokes equations for an incompressible, viscious fluid motion, assume the form
Ao —rAu+ (- Vie+Vp = [

Voeu = {l (26)

on an open, bounded domain Q in Ry of class C,, where d=2 or d=3.

The Stokes operator A arises from the study of linear problem, where the inertial term (u -V)u is set equal to zero to obtain
the Stokes equations

the —rAu+Fp=f, }
You=10N0

- (27)
Recall that the Stokes operator arises when one projects equation (26) into the Hilbert space
H = 'l:l e LR :Veon=0 R and w+n="0aon iy for Dirichlet boundary conditions. For
periodic boundary conditions, one uses .
H = II".'.- T TS ‘I ne f'l_f_.'..':l e =10 aml I|II s = l..'}
l (28)

International Journal of Multidisciplinary Research Review, Vol.1, Issue- 3, March-2016. Page- 92



-3 IJMDRR
= Research Paper E- ISSN -2395-1885

Impact Factor - 2.262
Peer Reviewed Journal I SN -2395-1877

P denote the Helmholtz, or Leray, projection, i.e., the orthogonal projection of the orthogonal complement of H, is
HY = €100 4%p: p e (TR}

Thus the pressure satisfies PVp = 0in Q. We assume that the forcing function f =f(t) satisfies f €L"(0,00;H).
In this case one has Pf =f. By applying P to equation (25) one obtains
i+ pAn = f.
where Au = —PAw and the appropriste boundary condition are satisfed,
A% = Al for 4 e A" and ac R

We will also use the interpolation inequality which states that if y =8a+(1-68)B, where a,B,y €R, a=B, and 0<6<1. Then there
isaconstant C>0 such that

[l ATw] < &) A™wf®|| A%ulf* ", for all we DA™

TheHelmholtz projection P can be applied to the Navier-Stokes equations (26), as well,

Py — Plodu) + Pla- Ve + PVp =P,

A+ rdu+ Blu, e Y= f, (29)
Which isreferred to as the Navier-Stokes (evolutionary) equation, where B(u,v) isthe bilinear form

FETRTI - Plu ¥

the pressure term p does not appear in equation (29) because PVp=0. The pressure can be recovered by applying the
complementary projection (I-P) to equation to obtain
Vp=1{f—Fl{erdu — (u-Fiu)+ {1 —F} (30)

Where by assumption we have (I —P)f = 0. As shown in Lemma 2.1, if one finds a solution u=u(t) of equation (29) on some
interval 1, then one can use equation (30) to solve for the pressure p. Since the pressure field p is completely determined by
the velocity field u, one sometimes refers to p as a slave variable.
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