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Abstract
Minimal invariant sets for sine’s mapping share some singular geometrical properties. Here we present some seemingly
unknown ones.
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1. Introduction
Alspach’s mapping is an example of a nonexpansive mapping on a weekly compact, convex subset of LY[0,1] that is fixed

point free. Recall that although we defined Alspach’s mapping, T, on
= {fe il fir) <1 ¥ee [01]})

it is not fixed point free on this set. It is fixed point free on
1
= {_.I'Ef?:ll_;l‘”l = 2}_

In [4] and [12] modified versions of Alspach’s mapping are presented and shown to be fixed point free on all of C. Both of
these mappings have a unique minimal invariant set in contrast to Alspach’s mapping. In this chapter, we will explore Sine’s
mapping [12]. Sine showed that the mapping we refer to as ”Sine’s mapping” (S) is fixed point free on C using techniques
similar to those found in [1]. The existence of at least one minimal invariant set is obtain easily using Zorn’s lemma. That
was essentially the extent of knowledge concerning Sine’s mapping prior to this work. Here, we will develop the tools to
show that (1/2)x[0,1] € D.(f) for al f € C. Thiswill give us the existence and uniqueness of a minimal S-invariant subset of
C without the use of Zorn’s lemma. As with Alspach’s mapping, there is an iterative method for constructing from below.

We will also give some supersets of the minimal invariant set.
(0.7} TAAN 01} i = (1.1

I
(0,0 L 4 {10} {00y =& a1 1.0

Thefigure to the left represents a function, f, in C and the line y = /2. The figure to the right represents Sf and the line x =

1/2.
2. PRELIMINARIES
Recall Alspach’s mapping
(L)) s=eut (0, L, 20 (22)) kg (2] + cut (L2, 2f (3¢ — 1))y 08,
Now, we define S: C- C by
le. X hil - 20 1] ||'|'||...|,|""II
We will use the properties of the cut function and additional properties here. Let a,b,c,M €R where 0<a<b<M. Then

bh—a— entla, b ol = cut| M - oM — o, M= 1.

The interested reader can verify this property by considering the three cases: c<a, ¢ € (ab), and c=b. Furthermore, when (1)

a b, c,and M are as above
(2). f,g €C have digoint support, and
(3). supp(f)usupp(g)=I = [0,1],

we have the following:
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(b —a)yr— entfa, b, f+g)=cut(M — b M — o My, — f—aq)

= cut(M — b, M — A MY iy + M Xvupim — L= 5)

cut(M —b M —a Mx o — f)

+-cubt(M — b M — o My, — 7]

entf M — b M — u,..’a:f_'(ln_” — JI"}].-“H,”]

+oont{ M — b —a, My — gh i
3. ITERATESAND MINIMAL INVARIANT SET
To explore the powers of S, we will first need an auxiliary function. For fixed n €N, takei €N, such that 0< i <2?". To define
o, first write

n-1
= E If!_-.‘ﬂJl
with d; €{0,1} v j, whlchlsabasleepresentanon Thenlet
T i} i= E o z;_z{ﬂf“”l + E dﬂhéﬁ—lﬁj}ﬂy'

a=il 1=0
So. mu(ll) =1, oqll} =3, oe(2} = 0, and {3} =2,
In order to use induction later, we will need a relatlonshlp between 2" and ®™™. Since o is not defined for odd subscripts,
we could remove the 2. However, it is convenient to have the subscript represent the number of digits used in the binary
expansions of numbers in the domain. Also, we will see that 6®" is used in the formula for S?". The needed relationship
between 6>, 6°™, and 6*™™ is given by the following lemma.
Lemma:3.1. For n,m €N, takej €N, such that Os!' < 22" and for k €N with 0< k< 22", we have
"T!u wam [2-""-‘# + .ll} = '_J"".-J!"I |:I] T J!u':l!' Il
Proof. Before we get too far into the proof, we should note that dams (2°7k+) = di(k), for all 0< 1< 2 nand
d, (22k+j)=dy(j), for al 0s h< 2m. Now, consider
Tz (T 4 )

= E '!ilm'-lll-'.'n-f {EII"'LI'F.J] EEFJ-J it Z |:l _hf:ﬂl.lll-i-'h'"'.'ll—l ':‘Ezmk"'.ll]':lz!lu

=il fl|
e ]

= maf H"‘Edm HUJEYHQF+1+E (L= i g (020420

el =il

=0, (k) + 2" o)
which concludes the proof of Lemma 3.1. Now, we are well prepared to prove the following:
Theorem:3.1. For neN and f €C,
it
80 flah= 3 et los(ilimanli) + 1,9%f (220 —)) xp, L (0

i=1}

ATH (VI A [RRFI R .1

o e = iy m e

Bk
If the graph of a function, f, in C is broken into 2 regions as in the flgure to the left, the graph of Tf can be constructed by
resizing the portion of the graph of f and trandating it to the appropriately labeled position in the figure to the right and
adding line segments to ensure that Tf is also in C(center). Flipping the graph about the y= 1/2 axis gives Sf(right). Thisis
denoted by the upside down region labels. Also, Sis denoted by Sin the figure.

Proof. We will use induction. To begin, we show the theorem holds for n=1. Recall that
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= E-’III leral )}, maly) + 1,48 f (dx — 1) v& o

e

< 3

where k=2 +i. This contl:l uldee the induction and our proof.
Lemma:3.2. For any f eC and seS,

=.-.“'.'if ST a= | :h..ﬁl.. :

et (). g (KD + L2 H (2 % — ) e, s
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Proof. Since s € Sis afinite sum of constant functions on intervals of the form E i), it suffices to show Lemma 3.2 holds for

$=XE(,2n), WwhereneN and 0< | <22 Fix meN. We have that
SH{ll-&ul.lIJI %

Jik 1 o

adnrze g
( E Eur'{u-?n-ﬂlmi"]'n-ﬂm-l-im“:] + 1.

22"+!“I {2’""‘1‘“]:_ j})ILEh.l--IJ-:l tf"nu.q

From here we wish to reorder the terms in the summation. To that end, define B :={j eN|0< j <2°™} and
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A :={2°™}+B. Notice that we are summing over A. Now, using Lemma 3.1
TimstnlAd] = Comazn(§F™H 4+ BY = PP (B + {aall) ).
-l E’:“I:."“_Il i
= ; . .
S — \_‘ it Ij"" |T.."|I: 1+ ma, .';_2"".-:.“.-; |+ Ty, i)+ ] BT AT |"|
A ml p Hmtm] - I
/ :'J- L || I'u." i - [ :;_'__ L II '|“|_ o ._ m
R T | [N} . =
for i dy e Mwith 0 <1, < 2 and 0 < | < 2%, Alsn, it is easy to verify that

] |
l | HE o 14+ an oEm T
— |2 [ 3 fXE, 0 — 3 f g
=l - ko 710
3 L .-I‘.T'- Tre+dm g : eadan + T
B FXmg — B fxe
5 TR Ll [ K] Sl |
) met g 1
of Ll T —— — {1, =W — oo
= '_.l'.'ll _:l.'" 4 dan _|'.'|| m
which concludes Lemma 3.2.
Theorem :3.2 For el f £ &, 5" converges weakly Lo || £, v and 57 i_|' eonverges W akly to (1 — | -'.H| L AT TR
Lemma: 3.3 Forevery F£ O, sx00) € P OF) wnd Do ($¥00) € D2 (S}
Proof. Takef € C. From Theorem 3.2, S™f converges weakly to [/l tjna wid S50
converges woaklv to (1 — || f TR E NS S
11l xngy € B0mT (Lo (85" F1) © Do S)
{1 — NSH ) xpaay & T (Ueen {8 f1) € Dolf)
1 . 1 . .
:Ill.ul o !.II.||'|.|-| t _I'I-' i ||'|.--.| = -“-._-.”-

becanse D_{ [} i convex. D {f) is also S-invariant nod closed. Thus. Iisxua) € Ded(f)

for every m € Boand D (sxen) S Dl f)- 0
Theorem: 3.3. Dw((1/2)X[0,1) is the unique minimal invariant subset of (S,C).

Proof. Obviously, D.((1/2)xj0.) is non-empty, closed, convex, and S-invariant. Suppose M is a non-empty, closed, convex,
invariant subset of Do((1/2)X[0) - Choose any f € M. Recall that D(f) cM. Lemma 3.3 implies D..((1/2)Xj0,7) EM. So, M =
Do((1/2)X[0.17)- Therefore, Do((1/2)X[0,7) isaminimal invariant set. Let BEC be any minimal invariant set. Thereisan f €B,
because B is non-empty. S0, Dw((1/2)X[0,11) ED«(f)=B. Thus, Dw((1/2)X0,1) IS the unique minimal invariant set for (S,C).

Theorem: 3.4. Sine’s mapping, S, is fixed point free on C.

Proof. First, recall that the singleton containing any fixed point must be minimal invariant. Now, assume that S has a fixed
point in C. Since D.((1/2)X[0,1) is the only minimal invariant subset of C by Theorem 3.3, it must be the singleton containing
the fixed point. However, S((1/2)X0,1) = X[v2,1 » N0t equal to (1/)2Xo,y, Which give the contradiction. Thus, S is fixed point
freeon C.

4. Discussion of Sine’s mapping

This is possible without using Zorn’s lemma because we have a formula for the iterates of S The formula actually leads to
much more that just the removal of a set theoretic axiom. Without a formula for the iterates of S, it is relatively easy to see
that all minimal invariant sets of S must be subsets of Cy,. However, the number, geometry, and elements of such sets were
hard to even guess. Now, the minimal invariant set, D.((1/2)x[0y) can be built from below using the definite of D,.
Moreover, any invariant superset of D.((1/2)X;04;) can be used to exclude some elements of C from belonging to the minimal
invariant set as well. There are similarities between (T,C) and (S,C), and a few important differences. S is actualy fixed
point free on all of C, whereas T isnot. This makes Sine’s mapping somewhat more functionally useful. Also, T has a family
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of minimal invariant sets, whereas S has a unique minimal invariant set. This makes T a perfect example to have in mind
while reading [6], since it explores characteristics of parallel families of minimal invariant sets.
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