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Introduction
The covariant derivative of any tensor fieIdTJ.' in the sense of Cartan [1] is defined as:

i _ i m i i m
(1.1 T”K = 6ij +TJ. ij —Tijk
The Ricci identity for atensor T ji in the sense of Cartan [2] is given by
(1.2) T;\h|k_ T}\k\h = ijRrinhk - TrinR;Tr]m - T;\mRr:nk!
Where
or, ol ~. r i .
ax ™ - ox "' Gm+rhkrrm+chrka ’

(13 Ry = q (km) {

i i 0G| 0G|
i _ i .m h h m
14 Ry = Ry X _q(hk){axk L G,
And q (hk) {} denotes the interchange of the indices h and k and subtraction thereafter . The Cartan’s curvature Tensor

satisfies the following identities :

(1.5) (a) Rhijk - Rhikj (b) R hijk — R ihjk (C) Rijk - Riki

Where R = 9, R and Ry, = g Rk

The deviation tensorsH, (X, X) Hijk(x, X) and Berwald’s Curvature tensor Hihjk(x, X) satisfies the following :
(16) (@ Hi (%) = Ki () X" = Ry (%, ) X",

0) Hi = Kiy + X70,K,

hjk rjk *
And
@D @ Hi(x,%)%" =0,
() H X =H,
(© Hihjk x" = Hijk’
(d) Hihh = Hi’
(e Hi =H,=0H,
f H;X =H,,

@ H X=H=(-DH,,

(M H Y+ Hyp+ Hi =0,

(HH ih th = chj

The curvature tensor K, (X, X) appearingin (1.6a) is given by

i O O i o
(1.8) thk Zq(hk) 67_ ox' Gk+rmkrjh
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And this curvature tensor satisfies the following identities
(1.9 i i

jkh»
B K + Ky + Ky =0,
©K jink = — Kijh_ 2CijmKrT1]er
def
Where K =0, K

R" -Generalised Birecurrent Finsler Spaces
Verma [9] discussed a Finsler space in which Cartan’s third Curvature tensor R '].kh (x, X) satisfies the recurrence

]'k and she called it as R" -recurrent space. Thus, an R" -recurrent space is

property with respect to Cartan’s connection I
characterised by
1) Riym=! nRiq

Here, the non — zero vector fields | m(X) is called arecurrence vector field.

Dixit [3] discussed a more general Finisler space in which the Cartan’s third curvature tensor satisfies the birecurrence
condition with respect to condition with respect to Cartan’s connection Fl'k and she called it and R" -birecurrent space.

Thus, an R" —birecurrent spacesis characterised by
(2.2) lekh\m\/ =&y R;kh’ RIjkh #0

Where @, appearing in (2.2) is anon-zero covariant tensor field of second order and is called recurrence tensor field.
We now consider a Finsler space in which the Cartan’s third curvature tensor satisfies.
(2.3) lekh\muf =1 ¢ lekh\m+aka}kh
And
(2.4) lekh\mw =ln lekh\l+ a /,mRIjkh
Where | | and @ ,,,are non-zero covariant vector and covariant tensor field of order 2 respectively. The space satisfying
(2.3) and (2.4) will respectively be called as R" -generalized birecurrent space of first and second kinds, we shall briefly
denotethem by R" — GBRF, - and R" —GBRF, — I respectively.
In particular, if the space satisfies.

25) Rlme =1 Rlioym

And

(26) Riyme =1 m Ry

Where | , iIsanon — zero covariant vector field, then such a Finsler space will respectively be termed as specia R" -
generalised bireccurrent space of first and second kinds and shal briefly be denoted by R" — SGBRF, | and
R" — SGBRF, |1 respectively. If we consider | , as zero in (2.3) then (2.3) immediately reduces into (2.2) which
will be the condition to be satisfied by the curvature tensor in a birecurrent space. Thus, we conclude that | ) = O reduces

an R" -generalised birecurrent space of the first kind into an R" -birecurrent space and similarly the assumption | m = 0
too will reduce an R" -generalised binecurrent space of the second kind into an R" -birecurrent space. Transecting (2.3),
(2.4), (2.5) and (2.6) respectively by g, we get
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27 R jpkhimje = l f,ijkh\m +a ﬂmRJ’th’

28 R jpkhimie = | ijpkh\/, + aImRipkh'

290 R jpkhim|e = l Iijkh\m

and

(2100 R jpkhim|¢ = I ijpkhIm

Where, we have taken into account the fact that the metric tensor Q;; of a Finsler space is a covariant constant.

Conversely, if we transvect (2.7), (2.8), (2.9) and (2.10) by g“’ we immediately get (2.3), (2.4), (2.5) and (2.6)
respectively. Therefore, we can state:

Theorem (2.1)
In a R" -generalised birecurrent and in an special R" -generalised birecurrent Finsler spaces of the two kinds the conditions
(2.3), (2.4), (2.5) and (2.6) are respectively equivalent to (2.7), (2.8), (2.9) and (2.10).

Theorem (2.2)

R" -generalised birecurrent and special R" -generalised birecurrent spaces of the two kinds may respectively be
characterised by the conditions (2.7), (2.8), (2.9) and (2.10).

We now contract (2.3), (2.4), (2.5) and (2.6) with respect to the indicesi and h and get

(2.11) Rik‘mw
212) R e =1 oRy +a Ry
(213) R iKimie = IR
and

(214 R iKimpe = I ijW
Respectively, therefore, we can state:

= €Rjk|m +akajk’

jkim

Theorem (2.3)
The Ricci tensor R ik of generalised hirecurrent and R" -special generalised birecurrent Finsler spaces of the two kinds

respectively satisfy (2.11),(2.12), (2.13) and (2.14).

However, if the Ricci tensor of a Finsler space satisfy (2.11) or (2.12) then it can be seen that such tensor need not be R" -
generalised birecurrent of the first kind or R" -generalised birecurrent of the second kind similarly if the Ricci tensor of a
Finsler space satisfies (2.13) or (2.14) then it can also be seen that such a Finsler space need not be R" -special generalised
birecurrent of the first kind or R" -generalised birecurrent of the second kind. We shall now investigate the circumstances

under which this holds, the curvature tensor R, ikh of athree dimensional Finser spaceisgiven in the form [4]

(2.15) Rjkh = O Ljh + gthik (_i/h)
Where

1
(2.16) (a) I—ik:B(Rk_%gikj
1 .
b =—_R.
®) g=—7"R

Transvecting (2.11), (2.12), (2.13) and (2.14) respectively by ( ip , we get
1 RF ., =1 ,RF +a, R’,

k|m|¢ K|m
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(2.18) Rkp‘mv = | mRkﬁ/ +a,,R’,

219 R/f,, =1,R},
and
2200 Rf,, =1 .R,.

Contracting (2.17), (2.18), (2.19) and (2.20) with respect to the indices p and k and thereafter using (2.16b), we get
(2-21) g\m\/, = I /,g\m +a ﬂmgi
(222) Q= I 9 T md,

(223) Qe = I Om
and
(224) G, = 1 09,

In view of the above four equations (2.11), (2.12), (2.13), and (2.14), the second covariant differentiation of (2.16a) with
respect to x™ in the sense of Cartan gives

225) Ligme =1 Ligm +@ ;L
(2.26) Lik‘mw = | mLik\/, +a meik’
(2.27) Lik|m\é =1 él‘iklm
and
(2.28) Lik|m‘( = | mLikl/,

Differentiating (2.15) covariantly twice with respect to X' and X™ successively in the sense of Cartan and using the
equations (2.25), (2.26), (2.27) and (2.28) we respectively get (2.3), (2.4), (2.4) and (2.6) therefore, we can state :

Theorem (2.4)

A three dimensional Ricci generalised and Ricci special generalised binecurrent Finsler spaces of the two kinds are
necessarily R"™- special generalised birecurrent of the two kinds respectively.

Matsumoto [4] introduced a Finsler space F(n>3) for which the tensor R, ikh satisfies (2.15) and he called such a space as

R - 3like Finsler space. If we consider an R-3 -like Ricci generalised and Ricci special generalized spaces of the two
kinds and thereafter applying the same process as have been applied in the foregoing lines, we get

(2.29) Rijkh\m\l =1 iRjkh\m +a€mRikh’
(2.30) Rijkh\m\l =1 mR]th +a/ijkh'
(2.31) Rijkmmu = | IIRijkh|m

and

(2.32) Rijkh\m|l = | mRijkhM .
Therefore, we can state:

Theorem (2.5)

R"—generalised and R" —special generalised birecurrent spaces of the two kinds are respectively Ricci generalised and
Riccispecial generalised birecurrent of the two kinds but the converse of this statement is not true. However, if the space F,
is R — 3like then the converseis also true.

Transvecting (2.3), (2.4), (2.5) and (2.6) by X | , we get
(233 H Lh\m\é =1 ] H Il<h|m +a va Il<h’

(234 H Lh\m\( =1 mH ||<hw +azmH ll<h’
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(235 H Ii<h|m\/: = | H |i<h|m

and

230) H pmy = H gy

Transvecting (2.33), (2.34),(2.35) and (2.36) by , X* we get
(2.37) Hrlmu =1 ﬁHrlnm"'aéerIw

(238) Hyn, = Hy +a,Hp,

(239 H rium\/ = H ri1|m
and

(240) H{,, =1 ,Hy,

h|m|¢

Contracting (2.33), (2.34), (2.35) and (2.36) with respect to theindicesi and h,we get
(2.41) H\mz =I ¢H|m+aka’

(2.42) HW:I H,+a,H,

m' e
(2.43) H‘mw =1 ,{H‘m
and
(2.44) H‘mw =1 me
Therefore, we may state:

Theorem (2.6)
The tensors H ,,,, H,,, the vectorc H, and the scalar H of R" —generalised and R" —special generalised birecurrent

Finder spaces of the two kinds are respectively h- special generalised birecurrent of the two kinds.
From here onwards we propose to establish the necessary and sufficient condition in order that the Berwald’s curvature

tensor H }kh may become R"-generalised birecurrent of first and second kinds and also it be h —special generalised

birecurrent of first and second kinds -
Differentiating (2.33) patially with respect to X! and thereafter usi ng (1.2), we get

(245 O H =(8j| z)Hme +1,0; (Hpm ) +
+(0@ ) Hin+a ,0H .
we now use the commutation formula (1.2) and get
(2.46) {8 i (H )}M +H w0 T = H L0 T = H L md T
~Hy 0T =0, (Hinm )Pl = (851 ) Hig + 1 H i +
+1 (Hgpd T )= HWO Tt —HL o T —H L, P )+

+(0ja,m)Hi+a ,,H .

Using the commutation formula (1.2) in (2.46), we get
(2.47) H }kh|m\l + {( H I:hajrrrln -H rlhajrk:n -H Iirajrhrm -
—-H rikh P;.

J'm)M +H I:h\majl—‘:ié -H rih\majFLZ’ - H Iir\majr;z -
~H i 0T, = HimPl = H G0, TPl + H 40, Tig P +

rkhim* j¢ km*® j/
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r m skh® rm

+H 0 TPl + Hy PPl
= (I zH }kh\m +a/me }kh)—'—{(ajl /)Hlih\m +1 (Hlihajr:n -
I /,Hrihajr;rrn_l fHIi«ajF;:n — | erihkPjrffm+(8jaffm)Hli<h}'

From (2.47) it is obvious that
(248) H e =1 /Heym +@ ,mH b
If and only if
(249) (H 0 Th = H 0 T = H 0 Th = Huw P+
+H I 7 = Hlym0 T = Hg @ Ty = H g 0,y —
-H rikh\mpjrk - H ;harr*s:npjré +H éhérr;rsnpjré +
+H B TP, = (81, ) Hm +
+l , Hypo T =1, H o T =1, Hy o T—1 H L Pho+
+(0 @ ,m ) Hip-

Therefore we can state:

Theorem (2.7)
The Berwald’s curvature tensor H }kh of an R"-generalised birecurrent space of the first kind is h -generalised birecurrent

of thefirst kind if and only if (2.49) holds.
After adopting the process similar to that which have been studied in the foregoing lines for (2.34), (2.35) and (2.36), we
may state the following:

Theorem (2.8)
The Berwald’s curvature tensor H }kh of an R"-generalised birecurrent Finsler space of the second kind is h -generalised

birecurrent of the second kind if and only if
(250) (H 0 T = H /o Ty = Hy 8 Thr = H P )M +

rkh ™ jm
r ~ *i i ~ *r i ~ *r i ~ *r
+H kh\majrr/, -H rh\majrkf -H kr\majrhz -H kh|rajrmf +

+Hrikh\mpjr/ :(ajl m)HLhM +1 mHlihajr*rL -1 erihajF;rﬁ -
I mH ILrajr*hrl — 1 mH rithjré +(ajaém) H li<h
holds.

Theorem (2.9)

The Berwald’s curvature tensor H }kh of an R"- special generalised birecurrent Finsler space of the first kind is h -special
generalised birecurrent of the first kind if and only if

(251) (Hy0,Cm—H 0 Ty —H0, T —H ,‘th;m)M +

+H Iih\mg jr*rL -H :h\ma jFL; -H |i<r\m8 jr;rz -H li<h\r8 jr‘:r:/f -

-H rikh\mpjré -H ksharrsmpjri +H ;harF;;}Per +H Iisarr;?npjré +

+HL P P, :(ail f)Hlim\m"'l /:Hlihajr*r:"_l /«'Hfihair*k:“_

skhim " rm

*i
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. /,H Iirajr:w:n — 1 /H rithjrm
holds.

Theorem (2.10)

The Berwald’s curvature tensor H ;kh of an R"—generalised hirecurrent Finsler space of the second kind is h- generalised
birecurrent of the second kind if and only if

(252) (H 0 i = Hiyd gy = Hd Dty = H g Py )V +

rkh ™ jm
ro- *i i - *r i - *r iz *r
+H kh\majrrf -H rh|majrk£ -H kr|majrh/ -H kh\rajrmz -
i r s A *j r i A *s r
-H rkh\ijl - H kharrsmpjf. + H sharrkmpjf. +

+H B TPl + Hy PPy, = (8 0 ) Hi, +

ks¥r* hm" j¢ skh® rm" j¢
ro- *j i~ h i~ *r i r
+I mHkhajFrl =1 erhaijﬂ =1 mHkraijf. =1 erthjz
Holds.

The I dentites of A R"-Generalised And R"—Special Generalised Birecurrent Finsler Space of The Two Kinds
The identity satisfied by the curvature tensor R ikh has been given by Cartan [2] as
31 Rjnt+Ru+Rgn+ (CijsKrShk + CithrSI'(j + CiksKrTh)Xr =0.
Using (1.9) in (3.1), we get
(3'2) Rijkh + Rihkj + Rikjh + C:ijsH hsk + Cithij + CiksH jsh = 0

Differentiating (3.2) covariantly with respect to x™ in the sense of Cartan, we get
B3 Riknm * Rinkm + Rignm +

+ (CijsH hSk + Cith kSJ + CiksH Jsh) =0

m

Differentiating (3.3) covariantly with respect to x' in the sense of Cartan and using (2.7), (2.8), (2.9) and (2.10)
separately, we get the following

B4 |, (Rijhk|m + Rigm + Rikjh|m)+a/,m(Rijhk + Ry + Rikjh)+
(Cijer?k+Cithl<Sj+CiksH ]Sh) =0

Imi¢

@5 |, ( Rinkm + Rinkgim + Riinim ) +a,, ( Rink * Ring + Rign ) +
+ (CijsH n T CinsH ksj +CyH jsh )Imw =0

36 |, (Rijhk\m + Ripgim + Rikihm ) +
+(Cijer?k+Cithlfj+CiksH |Sh) =0,

[m|¢
cn I, (Rijhkw + Ringr + Rignpe ) +
+(CyeH R+ CipH G +CuH ) =0,

We now use (3.2) and (3.3) in (3.4), (3.5),(3.6),(3.7) respectively and get
(38 (CyHp +CiHS+CuH )

Im|¢
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=1, (CijsHhsk + Cithksj +CyH Jsh) +

|m
ta, (CijsH mc + CinsH g + CiH jsh)’
(39) (CiHp +CirHg +CicH )

ijs Imi¢

=1,(C H;+CMH§+CMH;h+

ijs

a,, (C‘ Hr?k +(:|thij +CyH jsh)’

ijs

(310) (CyH 5+ CinsH g + CiH 51)

|m|?

=1, (CijsHhsk + Cithksj +CyH Jsh)

[m

(31D (CyHn +CinsH G+ CuH )

Im|¢

=1 m (CijsH hsk + Cithij + CiksH ]Sh)

e

Transecting (3.8),(3.9), (3.10) and (3.11) by %' and using (1.7) thereafter, we get
(3.12) (CiksHhs_Cithks) = /;‘(CiksHhs_CithkS)‘mJ'_

Imi¢
+a ém(CiksHhs_CihSHks)’

(3.13) (CiksH n — CinsH ks)\me =ln (CikSH n ~ CinsH ks)If "
+a ,, (CiksH hS — CipsH If)

(314) (C Hﬁ—Cmemuzth

iks iksH;_Ciths)M ’
iksH r? - Cith kS

)

Transvecting (3.8),(3.9), (3.10) and (3.11) successively by g” and thereafter using the symmetry property of the tensor
Cijk in al itslower indices along with the fact that

Cyx' =Cx!'=Cyx“ =0, weget
(316) (CAHI-CRHE) =1, (CAHI-CEHY) +

(315 (CyHy-CyH?) =1,(C

[mje

+a,, (CAHZ-CRLH ),
@ﬂ)(ch;—ch;%M=|m(ch;—ch;h+
+a,, (CAHZ-=CRH ¢,
(318) (CEHF-CRHE) =1, (CAHI-CRH{) .

(319 (CAHZ-CP2H?) =1, (C2HZ-CP2H?) .

[m|¢ |0

Inview of (1.4) and (1.5), the equation (3.3) can be rewritten as
(320) Ripgm + Rigm + Rigm + (CleH e + ChgH s + CiH 5, ) = 0.
We now use (1.9) in (3.17), we get
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(320 | (K + Ky + Ky )+ 2(CjH s + ClH g + CiH 3 ) =0
Using (1.4) in (3.17), we get

(322) (CiHpn +ClHE +CH3)=0

(3.18) obvioudly implies

(323) Ciy Hp +CiHm + C

jsim hs/m
i s i s
+Cks‘mH nt C.H

jhim

He +CJ1SHKSHm +
= 0.

Differentiating (3.19) with respectto X * in the sense of Cartan, we get

(324 C!, HS +C!

js|m|¢ jsim

H o +C!

s i s
js\/H hk|m + stH hk|m|/ +

+C|

hs|m|/

He +ClgmH i, + Cro H

hsjm kj|m

i s
+ Cth kj|m|¢ +

+C!

ks|m|/¢

HS

ih|e

+Cli<s\m H jsh + ClisH jsh\m\é + Cli<3|eH im = 0.

jhim
Transvecting (3.20) by X™ and therefore using (1.5), we get

325 P\, Hg +PHpy, +C)

s 5 m i s 5 m
js|¢ js|¢ H hk|mX + stH hk|m|/,x +

i S i s i S
I:)hs|éfH kj + Pth kj|¢ + ChsMH

5 m i S 5 m
kj\mx + Cth kj|m\€x +

Pkist 'Sk + PkIsH jsh\é + CILS\ZH i

5 m i S om
j jh|mX +CksHjh\m|£X _O

Transvecting (3.20) by X" and using (1.4) and the fact that F’kih)'(h =0, weget

kim hjm

(3.26) (PJiSH ks)v _(PkiSH js)w + (C;SH i CLSH 3 )vz X" =0.

Differentiating the identity Ri  + Rijy + Rig; + X" ( Riun Pl + R Py + Roni P ) = 0, with respect to
x " insense of Cartan, we get

i i i
(3.27) Rjkh|m|% + ijk|h|é t thmlklf +

%S s
+X (Rrhm

Pl + R Pims + RonPihs ), = 0.

rmk

In view of the conditions as have been givenin (2.3), (2.4), (2.5) and (2.6), (3.23) to (3.26) may be written as
[ i i
328) | ,g( ikhim + ijk‘h + thm|k)+

i i i
+a )mRjn + @ nRjmk + @k Rjpm +
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+(H Jkr"'Hkhpjlmr"'Hmkpjhr)| =0,

i i i i i
329 | ijkhM +angjkh +1 hijkw +a£hijk +1 kthrﬂf +

kh™ jmr

aZkthm (HhmF)jlkr+H P +anlehr) :0,
330 | (R, +R +R +
(3.30) f( iknm T Rjmkph jhrdk)
+(HL P +HLP +HOPL ) =0
hm Jkr kh' jmr mk " jhr Y )
And

(3.31) (| Rjk\z +1 R;mm —|—| Jhmv)"'

jmr

+(Hhm ke T H e Pjor + H P )If =0.

Transvecting (3.24), (3.25), (3.26) and (3.27) by X J and thereafter using (1.4) and (1.5) we get,

(3.32) Iﬁ(Hf(h‘ +H'k|h+Hhm|k)+
HamPww tamPme a8k Apy |+

+(H imPé + H P + H kahr)M =0,

(3.33) Ié(Hli(h|m+Hlk|h+Hhm\ )+

+(Hrr1mpkir + Hthn|1r + Hrrnkphir )If =0
And

(3.34) (I Hkh|,,+lh k|€+IthW)
+(HimP iy Pry + H kPhr) =0.

Therefore, we may state the following:

[IMDRR
E- ISSN -2395-1885
| SSN -2395-1877
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Theorem (3.1)

Inan Rh -generalised birecurrent Finsler space of the first kind the identities (3.8), (3.9), (3.12), (3.13), (3.16) and (3.17)
s s s S S Pys Prys

hold and the tensors CijsH nk T CinsH g+ CyH ihs CysHp — G cHy and CksHh _Cthk aedl h-

generalized birecurrent of the first kind.

Theorem (3.2)

Inan Rh -generalised birecurrent Finsler space of the second kind the identities (3.8), (3.9), (3.12), (3.13), (3.16) and (3.17)
s s s S S P s Prys

hold and the tensors Ciij hk + Cith Kj + CikSH jhe CIkSH h— CihSH Kk and CkSH h— ChSH K are al h -

generalised hirecurrent of the second kind.

Theorem (3.3)

Inan Rh -special generalised birecurrent Finsler space of the first kind the identities (3.24), (3.26) and (3.33) hold and the
S S S S S S S . .

tensorsC.jSHhk +C.thhk +C||GHjhy CiksHh - Cithk and CkF;Hh _ChesHk ae adl N -special generalised

birecurrent of the first kind._

Theorem (3.4)
Inan Rh -specia generalised birecurrent Finsler space of the second kind the identities (3.24), (3.26) and (3.34) hold and
s s s S S PSS Pgs .

generalised birecurrent of the second kind.
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