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Abstract
Motivated by some results on derivations on rings, and the generalizations of BCK and BCI algebras, in this paper, we define
derivations on BP-algebras and investigate some important results.
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1. Introduction

BCK and BCI algebras are two new classes of algebras introduced by Imai and Isaki [3,5].In [1], S.S. Ahn and J.S. Han
introduced the notion of BP-algebras. In 2004, Y.B. Jun and X.L. Xin [4] introduced the notion of derivations on BCI
algebras. Since then, many authors worked on the notion of derivations on several algebras such as d-algebras [6,7] and
TM-algebras [2]. Motivated by this paper we introduce the notion of derivations on BP-algebras.

2. Preliminaries
In this section we recall some basic definitions that are required in our work.

Definition2.1. [3] Let X be a set with a binary operation and a constant 0.Then [ X x ,l:lj is called a BCK -algebras if it
satisfies the following axioms:
1. x¥x=0
0=x=0
((x=y)*(x=2))=(z=y) =0
(x *(x *y) ) *y=0
x®#y=0andy *x =0 implyx=y ¥x,y,z EX

vk »

Definition2.2. [4] Let X be a set with a binary operation* and a constant 0.Then [ X = ,ﬂ] is called a BCl-algebra if it
satisfies the following axioms:

1. [[x!}r]x[xxg])x[zx};rjzo
2. [xx(xx}rj)x}r =0
3. x® x=0

4, x*y =0andy *x=0implyx=y ¥x,v,2 € X

Definition2.3. Let x be a BCI-algebra. Two elements x and y in X are said to be comparable if X == ¥ or y = x. Here x =

y if and only if x *}F=0.Alsowedefine}r=¥(}?* ijy xAY.

Definition2.4. [7] A d -algebra is a non-empty set X with a constant 0 and binary operation #* satisfying the following

axioms:
1. x=x =0
2. 0=x =10
3. x*y = 0andy*x =0 =x = y.

Definition2.5. [1] Let X be a set with a binary operation * and a constant 0.
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Then (X,*,0) is called a BP-algebra if it satisfies the following axioms.
. x=x =20
2. x*(x*y) =y

3. (x*z]*(}r*z:]= x* y foranyx,y,z € X.

Example 2.6. Let X = {0, 1, 2, 3} ( X ,ﬂj be a set with the following cayley table

W N = O] ©
N W O =] —
— O W N

3
3
2
1
0

W[ N = ©

Then { X ,# ,0)is a BP - algebra.

Definition2.7: Let X be a d-algebra. A map 8: X —+ X is a left - right derivation (briefly, (I, r) - derivation) on X, if it
satisfies the identity

Blx=v)=(0(x)=y)A [x * 5'(}?]) forall x,y €X.
If & satisfies the identity

6(x *y) = (x*6(3)) A (8(x) *y) forall x,y € X,

Then 8 is called a right - left derivation (briefly, (r, 1) - derivation) on X.

If & is both an (Lr) and an (r,]) - derivation, then & is called a derivation on X.

3. Derivations on BP-Algebra
In this section, we define the notion of derivations and composition of derivations on BP - algebras and prove some results.

Let (X,* ,ﬂj be a BP - algebra. As in the case of BCI - algebras, we wuse the notion
x AV forv=(yv=x) Vx,y € (X,#,0). We start with the definition of derivation.

Definition3.1: Let X be a BP-algebra. A map 8: X — X is a left - right derivation (briefly, (I, r)-derivation) on X, if it
satisfies the identity

Blx=v)=(0(x)=y)A [x * 5'(}?]) forall x,y €X.

If & satisfies the identity
Blx=y) = (x=8(y)A(B(x) =y) forallx,y EX,

Then & is called a right-left derivation (briefly, (r, 1) - derivation) on X.

If & is both an (1, r) and an (r, 1)-derivation, then & is called a derivation on X.

Example3.2: Consider the BP - algebra given an example. ( refer example 2.6)
(1) Aself map &: X — X be defined by

International Journal of Multidisciplinary Research Review, Vol.l, Issue - 18, Aug-2016. Page - 29



R WP IJMDRR

= esearcn aper E- ISSN —2395-1885
Impact Factor: 3.567

Peer Reviewed Journal ISSN -2395-1877

8(0) =3,8(1)= 2,8(2) = 1,8(3) = 0, then #is a derivation on X.
(2) Aself map &: X — X be defined by
8(0)=1,8(1)=0,6(2) =3,6(3) = 2, then # is a derivation on X.
(3) Aself map &: X — X be defined by
#(0)=2,8(1)=3,68(2) =0,8(3) =1, then @ is a derivation on X.
(4) A self map &: X — X be defined by
8(0)=0,0(1)=1,8(2) =2,8(3) = 3, then & is a derivation on X.

Definition3.3: Let (X,*,0) be a BP-algebra. A self map 8: X — X is said to be regular if 8(0) = 0.

Example3.4: Let [X JE ,I:I] be a BP-algebra in example (3.2),(4) is a regular derivaion on X.
One can easily prove the following.

Proposition3.5: Let X be a BP-algebra such that x = 0 = x forall x € X.Let 8 be a derivation on X.
(1) If @ is a (L,r) - derivation on X, then &(x) = 8(x) A x,Vx € X.
(2) If @ isa(r,]) - derivation on X, then 8(x) = x A B(x),Vx € X.

Proposition3.6: Let & be a self map of a BP - algebra X. Then

(% (x *6(x))) * x = (B(x) * (B(x) *x)) *x

Proof:

Since 8 is a derivations on X, & is a (1, 1) - derivation on X, Hence the proposition 3.5
B(x)=6(x)Ax

Again 8 is a (r, 1) — derivations on X.
= 8(x)=xA8(x)
8(x) * x = (8(x)* (O(x) * (x)) * x
Then (x = (x * 8(x) ) = x = (6(x) = (8(x) *x)) = x.
Proposition3.7: Let (X,#*,0) be a BP - algebra. Let £: X — X be a derivation.

(1) Ifx=8(x) =0, forall xeX, then & is regular.
() If8(x) = x =0, forall x € X then # is regular.

Proposition3.8: Let & be a self map of a BP - algebra X. If & is regular (r,]) -derivation on X, then & is a identity map on X.
Proof:

Given & is regular (r,1) - derivation on X.
B(x)=0(x=0)
—(x * 8(0)) A (8(x) * 0)
= (8(x) = 0) = ((8(x)  0) * (x x6(0)))

=X
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This shows that & is the idendity map on X.

Definition3.9: Let X be a BP - algebra and 6, 6, be two self maps of X. We define
0,° 0 X— X as (6,°6,)(x) = 6,(6,(x)) forallx € X.

Example 3.10: Let (X, * ,0) be a BP-algebra with the following cayley table.

* 0 1 2 3
0 0 1 2 3
1 1 0 3 2
2 2 3 0 1
3 3 2 1 0

5‘1 [l]] =2, 5‘1 [ 1] =3, 5‘1 [2] =0, 5‘1 [3) = 2,is a (Lr) - derivation on X.
6,(0) =1,68,(1) =0,6,(2) = 3,6,(3) = 2,isa(L,r) - derivation on X.
(6,°6,)(0) = 3,(8,°6,)(1) = 2, (8,°6,)(2) = 2, (6,°6,)(3) = 0.
(6,°6,)(x) is a (1,r) - derivation on X.
Similarly, Composition of two (r, 1) - derivation is also a (r, 1 ) - derivation on X The following result gives that the
composition of two (1, r) - derivations are again a (r, 1) - derivation.
Proposition3.11: Let (X,=,0) be a BP - algebra. Let &;and &, be two left-right derivations on X.

Then 8,°8, is also a left - right derivation on X.
Proof:

(6,°6;)(x=y) =6, ['92 (x = }’j)
=6, (6 ()* ) A (x 26,()))
(using (1, r) - derivations on X)
= (6, ((8,(x) * ) A (8,(x) <6, (+))
=6,((6,(x)*¥)) (v x* (x*y) = x indef 2.5)
= (x = (6,°6;,) () = ((x = (6,°6,) () * ((6,°6,) (%) * y)
= [(5‘1':'9:) (x) = }’) A (= (8,°6,)(v)

Hence

(6,°6;)(x=y) = [('91':'9:] (x)* }’) A (x = (68,°6;)(¥))

Proposition3.12: Let (X,=,0) be a BP-algebra. Let &, and &, are (r, 1) - derivations on X. Then &;°6, is also a (r, 1) -

derivation on X.
Proof:

(6,°6;)(x=y) =6, ['9: (x= }’j)
= ‘91((3'5 ® '5'1 (}’j M (5'3 [:x:) ® }F]] (using(r,])-derivations on X)
=0, ((x=8,(v)) (v x*=(x *y) = x indef 2.5)
= (x = 6,(6,(3)) A (61(x) = 6, ()
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(6,°0,)(x=y) = (x=8,(8,(¥))
= (0,(8,(x) =y )) = ((0,(8,(x) =y ) = (x = '91(_'92 (}’)]
(8,°6;) (x = ¥) = (x = (8,°6,)(3)) A ((6,°6;) (x) * ¥)

Hence (6,°8,) is a (r,l) — derivation on X.

Theorem3.13
Let (X,*,0)) be a BP-algebra &,, &, be two derivations on X, ther 8;°6, is also a derivation on X.

Theorem3.14
Let (X,#,0) be a BP-algebra and £, @5 are derivations on X. Then #,°6, = €,°0, .

In the following we define the point wise product of two derivations.

Definition3.15
Let X be a BP-algebra and 8, &, be two self maps of X, we define

B, %6, X = Xas (8;,=6,)(x) =86;(x)=8,(x),vx EX.

Theorem3.16
Let X be a BP-algebra and 5'1, 5'2 are derivations on X. Then

8,=0,=6,=8,VxeX.
Proof:
Let X be a BP-algebra and 84, 8, be two derivations on X.

Since 5'2 is a (1,r) - derivations on X.

(6,%6,) (x* ¥) = 6, (6, (x *¥))
=6, ((6,(0) =) A (x = 6,(3)))
= (8, ((6,() = y) A (85(x) = 6, (1))
= 6,((6,() =)
= (6, () * 6,(1)) 7 (6, (6:,()) *¥)
= (6, (8,0 ) = ((8,(6,(x)) * ) * (8,(=) * 6,(»)) )
(8,°6:)(x #¥) = (8,(x) * 0,(3) v v v (1)

Also we have (r,l) - derivation on X.

(6,°6,) (x* y) = 6, (65 (x = )

=6,(6, (x) = y) A (x = 6,(¥))

= (0, (x = 6,(¥))

= (61(x) =6, (W) A ((x % 6,6, (v))

(6,08,)(x%y) = (6;(x) % 65(3))ererrrren. @
From (1) and (2) we get,
(O,(x) =8, (v) = (B1(x)=6,(¥)) VxEX

Putting Vv = X we get,

(6,(x) =8, (x) = (8,(x) = 8,(x))
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= (6, %6,)(x) = (6, =6,)(x)
= (0, %6,) = (6, %86,).

4. Left Derivations
In this section we define the notion of the left derivations on BP - algebras, and we prove some results on left derivations on
BP-algebras.

Definition4.1
Let X be a BP-algebra. By a left derivation on X, we mean a self map & of X satisfying

Blx=y) = (Bx)=y) A(B(y) *x),Vx,y €EX

Example4.2

Let X={0,1,2} be a BP-algebra with the following cayley table
* 0 1 2
0 0 |2 1
1 1 0 2
2 2 1 0

A self map 8: X — X be defined by 8(0) = 1,8(1) = 2,6(2) =0
Then X is an left derivation on BP-algebra.

Proposition4.3: Let & be a left derivation on a BP-algebra X. Then for all %, € X we have
(1) Blx)*x =6(y)*y.
@ B(x*y)=6(x)*y

Propositiond.4: Let & be a left derivation on a BP-algebra X. Then & is regular, if and only if
f(x) < x,VxeX.

Proof:

Now, 6(0) = 8(x=x)
=(8(x) = x) A (8(x) * x)
=0(x)*x

Let & be regular. Since 8(0) = 0,8(x) * x = 0 forall x € X.

Which implies 8(x) < x, ¥x € X.

Conversely, assume that 8(x) < x, ¥ x € X.
=28(x)=x=0=6(0)=0

Hence & is regular.
Proposition4.5: Let X be a BP-algebra and & be a left derivation on X, then
B(x) =xA0(x)and 8(x) = 6(x) A x.

Proof:
Let X be a BP-algebra.

xAB(x) =8(x)=(8(x) =x)

International Journal of Multidisciplinary Research Review, Vol.l, Issue - 18, Aug-2016. Page - 33



@ IJMDRR

Research Paper E- ISSN —2395-1885
Impact Factor: 3.567
Peer Reviewed Journal ISSN -2395-1877

=0(x)*=0 (vO0(x)<=x VxeEX=208(x)=x=0)
=60(x)
AlsoB(x)Ax =x = [x * E?(x]) = 8(x)

Definition4.6
Let X be a BP-algebra and 8, &, be two self maps of X. We have

6,°60,:X > X as (8,°68,)(x) = 6,(6,(x)).Vvx€EX
The following theorem shows that the composition of two left - derivations is again a left derivation on X.

Theoremd4.7

Let (X,*,0)) be a BP-algebra. Let 8, &, be two derivations on X, then 8, °8, is also a left derivation on X.
Proof:

Given 8, is a left derivation on X.

61(x = y) = (6,(x) = ¥) A (6,(y) = x)
Similarly, 5'2 is a left derivation on X.
6, (x*y) = (6,(x) *¥) A (6(y) = x)
Now,
(6,°6,) (x *y) = 6,(6,(x * ¥))
= '91[('92 (x) = }’j)
= (61(8, (x)) =)
= (6, (8;,(x) * ) A (81(8, () * 1))
= (6,°6,)(x) * ¥y 1 (81°6,) (¥) * x)
Hence &,°8, is aleft derivation on X.
We observe that the composition of regular left derivations are commutative as seen below.

Theorem4.8
Let (X,#,0) be a BP —algebra and 6,, 8, areregular left derivations on X.

Then 8,78, = 6,°6,.
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