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Abstract
The main purpose of this paper is to investigate Monophonic Wiener Index of certain graphs using Monophonic distance
matrix.
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1. Introduction

In this paper G denotes (G = (V, E)) afinite undirected connected graph without loops or multiple edges. The order and size
of G are denoted by n and m respectively. For basic definitions and terminologies and for the concepts of distance in graph
werefer to [5, 8, 13].

A Chord of apath ter. 2ty . e, - - - , wpsanedge agv45ith 7 2= ¢ +— 2. A o — o pahiscaleda
monophonic path if it is a chordless path. The monophonic distance is studied in [10, 11].

Wiener Index was introduced by Harold Wiener in 1947. Wiener Index has been used to model various properties of
chemical species. Chemical graphtheory is used to model physical properties of molecules called alkanes. Alkanes are
organic compounds composed of carbon and hydrogen atoms. For thisrefer [6]. A molecular graph is a collection of points
called the atoms in the molecule and the set of lines as the covalent bounds .Thus a vertex will be defined by an atom and the
edge is defined by a given bound in molecule. Wiener Index of a graph has undergone several developments such as
modified Wiener Index ,Hyper Wiener Index and Variable Wiener Index etc. The modified Wiener Index gives greater
contribution to outer bounds than to inner bounds of a molecule. For thisrefer [1, 2, 3, 4, 7, 9, 10, 12]. Wiener Index was also
successfully tested in several structures -property relationship, so it is very meaningful to research their mathematical
properties and chemical application. This is the motivation behind the introduction and study of Weiner Index using
Monophonic and detour distance concepts.

1.1. Notation and Ter minology
We consider finite and simple graphs and use standard terminology. For a graph G, the vertex set is denoted V (G) and the

edge setisdenoted £ (€. 1F ~ =— {wr, or+anedgeof agraph G, wewrite & = 741!, we say that ejoinsthe
vertices w arnc o w ana ere adjacent vertices; «w mnd erareincident with e. If two vertices are not joined, then we
say that they are non-adjacent. If two distinct edges e and f are incident with a common vertex + , then eand f are said to be

adjacent to each other. A set of vertices in a graph is independent if no two vertices in the set are adjacent. A vertex of
degree 0 in G is called an end-vertex of G.A cut-vertex (cut-edge) of a graph G is a vertex (edges) whose removal increases
the number of components. A vertex «+’'s an extreme vertex of a graph G if the subgraph induced by its neighbors is
complete.

2. Preliminaries
In this section, we have given definitions, example and a theorem which will be used in our main resullts.

2.1. Definition: Monophonic distance matrix of agraph G is defined asasquare matrix ~ (1,.if5) — ‘d... | where d,,,. 'S
the length of the longest monophonic path between the vertices =2« savaved w2y inn €27 ’

2.2. Example: Monophonic distance matrix of the graph G is given below.
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2.3. Definitions: The Wiener index W (G) of a graph G is defined as the sum of the half of the distances between every pair
of vertices of G.

WI(G) = % Z Z d(ug,v;).

i=1 j=1

= Z(f{uf,t-’j).

i<j

3. Monophonic Wiener Index of a Graph
3.1. Definitions: The Monophonic Wiener Index of a graph G is denoted by Wm | (G) and is defined as

Hﬂnf{G} = % Z Z:Dm {G]]”

T 4=1 j=1

i i dms;

i=1 j=1

= 3" din(mi, %)

i<

bo | —

3.2. Example: Monophonic Wiener Index of agraph G in Figure 3.1 is given below.

\\

IPipare 3.1
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Theorem 3.3: Monophonic Wiener Index of the Cycle graph Cn (nisodd) is
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Wanl(Cn) =

ifn=3

n—1

n+>lanln—Fk)] ifn>3

Proof. Let the verticesof the Cycle (7, ha 1.ty « -

Case 1: For n>3

Wrl(Cr) =

—n(n—=21+nn-3+...+n [;I'. - (ln L l\l] 1n

iy, aneh that o, isadjacent to w,, v = adjncent to vy L < <n-1

1 n ! _

i=1 =1
Z dm {lt]h U.]' }
v, v EVIG)
il

2
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Case 2: Forn=3
Since e (e, wrg) — L1 =0 ¢ =7 § =2 3.

i"{‘_nnftr__:g_: === Z.l_{nn :‘-L:I‘_ T_I:-} L .

ey

Theorem 3.4: Monophonic Wiener Index of the Cycle graph Cn (n is even) is

WI(C,) n ifn 4
P T e L nn—k)+ (2)7 >4

Proof. Let w4y, 24,24, ... tu2then vertices of the Cycle graph Cn (n iseven) suchthat =-, isadjacentto ., sirici 214
isadjacentto wy g, 1 =< @ = 92 — 1.

Case 1: For n>4

By definition,
.I m n
T ) A, i 1 7
Wil(Cn) =, 3 D |Dm(Cr)lis
=1 1=1
—_— -.1--. LY
E @yl v 3—;}
1/'.:.1:_1 Ek [‘.‘II.'
i<
—fe WV (e D DA B o(u ("))
RE I | S LTS B EL L S “ s ”.
L L L
~zl»=3)))
i ; frn—2% creny 2
—(n+nr—N+nn-d—. . +nla— l‘l— — |
et (-(*7)) = 3)
—n —T-\ nin—=kj+ [g}u T
Case 2: For n=4
Since
1 it ¢ is adjacent to 4
'1"1‘1-{r|+ i‘i:l e A . S ) # F
2 if 7 is not adjacent to 7
I'l-',,.,h:n':_{_'u = l: i |:':.11: il
10}
=8=212n
Theorem 3.5: Monophonic Wiener Index of the fan graph fn, n>2is
o In—1 ifln—2
H""'I{ff :I = n—1 .5 : o E
' 2n—14Y , aln—FKk ifn=>3
Proof. Let "1 . &'z, ©'a. - . . . ¥'m, U541 be the n+ 1 vertices of the fan graph fh. Thenfn = P + K1
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Let & — v und ) adjacent to the vertices tiz. i3, .. - . tin, tin4d
Theu deyf{op,vy) — 1,2 £ 1 << n+ Ldplog,vicg) — 1,2 = 2= nand dg(vg, i) =
2.2 ¢ <l T .2 g=Twe f | <7 | ]

Case 1: For n=3

1 41
Wod(fu) = L L £ (Fu }_E.r‘.r
Ji—1 a—1

— Z o (0s, ho )

v &V G
1-33

—n (e Dl 22 (& 341l {s @ IKe 1)

ri—1
Wl (e — 20.—1 1+ ) (nn— &Kk, =3
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Case 2: For n=2
1 il j
"In'. E..“'-"' '”i':l p=e { i =3
: U
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W Tifi) = 3 _z [P 52
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Theorem 3.6. The Monophonic Wiener Index of the Friendshipgraph Fn isWml (Fn) = (2n)2 -nnz=2.

Proof. Let "1 s th, - gy beThe 2|1 yertices of the Friendship graph Fn.
Fn hasn number of triangles with a common vertex riand it has 3n edges.
Then

11:,,7'[’."]‘?-!.?-]— |¢'ij iq?".'+|

o . bl s i sl jacsenl foy §
Al Uy — TeEa R
PR 43¢ is ot adjacent to

By definition,

o1 Pl
I.['.'naf{-"'-'nl = )’ \" n:ll..'r‘ll]l:lr

a=1 r—I

= E dmlz.“"'l'llj.: + E ':llﬂ Ly, 'i |
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Theorem 3.7 Monophonic Wiener Index of the Bistar graph Bm,nisWm!(Bm,n) = (m+ n + 1)2 + mn.

Proof. Le ¢, ¢+ be the vertices of K2 in Bistar graph Bm,n.

Letu = {uy ey uiy- ooy pamd v = Jiny, ve, .-+ - oa | be the set of vertices adjacent to w and v respectively.
In Bistar graph,

o litg, 1) — 1, lﬂ i<l mady (u, 1) — 2,1 <1< m.

L (e "fl_l el ke a?,nn' el =31 <5< s

el —Node g up) — 2.1 S h T v =im,

cEm-_’a.l._L'r O [ =.} Sadplugy) -3 l=i=m,l<ji<n

The Monophonic Wiener Index of the Bistar graph Bm,n is

I[PIHI{BN'“.::EM"”!'JI Y “ Ui ':'li'-5|-1"""".I Edn:':_ul-"",l T.d:i;iu:f.':

'

i=l

T !
i Z {4y, g} + E 'i“i[*',"'-'i::‘l'EE.d:’.":”i'-",l]

1kt 1£yoiin ikl
o Amim =00 L (ale= 1)
=m |n|l]iim] IEn_l'l ' 'J{Z}l[ Il'ul.m..
| 0

—im+n+l"+mn

Theorem 3.8. The Monophonic Wiener Index of the Wheel graph Wh (n isodd) is
B Hu if io— 14
SR ) Li o | 1 &) T

Proof. Let the vertices of the Wheel graph ¥, he oy, v, w00 w2 Then Wn = Cp + K1
Then W, &, K.
Letty. vz, '3, -+ . ¥y be the vertices of the Cycle Cn.
Let <1 = #4. 1 be the center vertex of Wn,
The verte v; isadjacenttoty | L,1<i<n 1.
Let =) isadjacent to wwand Vp.lisadjacent to vy, vz, e, - 1Y,
Case 1. For n > 3.

]. A+ 1n41

-[_-[.-m 'ir[.[.[-" ] s TT'I |i_r'
i
== }1 l:fa“.li T. J
:'\-'.'_f
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olow | ovetww 1 Al efve 11 N IRETERTE T II.'H 1 [ p? ;l;l

International Journal of Multidisciplinary Research Review, Vol.1, Issue- 17, July-2016. Page- 241



m Research Paper IIMDRR
Impact Factor: 3.567 E- ISSN -2395-1885

Peer Reviewed Journal |SSN -2395-1877
. . i "-; 1 b

R W W W (T )

\ L2 .-“

+

W l(Wa=2 refre 1 k)

™

I
'

Case2: Forn=3
Since

o
U ifi=y

I g
My ] =

WeliWy] = 6= 2.
Theorem 3.9.The Monophonic Wiener Index of the Wheel graph Wh (n is even) is

I Hp o M) ifn=4
W (W = ﬂ” 3
Mgy

'-.1_ _1-.'_"ﬂ'.: '-,'\:,i
Yaamutl=kf+ (5" Endd

Proof. Let the vertices of the Wheel graphWnbe a:y, ma, vz, o0 i1
Then Wh = Ch + K1.
Let iy, 1, v, 0o+, 1, be the vertices of the Cycle Cp.
Let #, - be the center vertex of Wn.
The verte tt; is adjacent to w7 | 1, | = i = b2
1 sadjacent to vy, aud v, is adjacent to 1y, Ty, My, -, U
Case 1. For n >4,
fi+1l 4l

Wl (W) =5 3 ) DalWally

0

IS + . ::.'u.l

ntntntintl-dnp-1-d)+ - +n [n+1—='f—ﬁ'} ’

bl

) a

Fmad
—n +E11:Ji 1l '.j,l
=2 -

n ?" 20 LA ¢
WoliWal=2n+ }_»‘ nn+1—#kl+| ;J
=2 e

Case2: Forn=4

I . 1if ¢ is adjacont to
Ui Upa ) = e - x
? thyy, A 2 s 0t adjacont to

| S 5 ;
Ve P WL ) = = E S [F2m W 0 0]ay

t—1 +—1

= 2{4 4+ 2) = 2(rs + 2}.
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Theorem 3.10. The Monophonic Wiener Index of the Crown graph C,, , is

n ifn—2

c..2 2 = oo
T —2n itm =4

Won I[.f-1i'..ﬂ} — {

Proof. Lety, itg, 14, -- - , t'a,; bethe vertices of the crown graph C,, also it has 2, edges.

Casel:Forn=2
i . L if 4 is adjacent ©o
Gl g, v — .. . .
e, , 07 is oL adjacent to g
Sinee dmit, wm) — 0 dmimana) — 1 deleg, ) — 0, dm (e ne) — 1 dm{ea, ) — D,

""-J-.'fi':_"'.iz- gl — 1 1dr.':{"":;'- "’-IZ' —i b f-'JI'.'.'i‘| gy '”L'rJ =l ""-u: [ arg ) — (0, r‘r'.'r.! R ":-l} —=AL
WinllCyyl=2 =n,

Case2:Forn>2
By definition,
Z2n Z2n

I
Wind (Canl = o ___,S E [HTJI(C'H-JT-)]ij

=T a==]

_ Z Topis {?"r 2Ty )

Wy g A v
]

= drelve 1Y | 3ve | owelne 1}
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Theorem 3.11. The Monophonic Wiener Index of the Gear graph G, (n = 3) is

n—
5 L a k) 75
WLT{(7n) —n® 4 5n+ }_' nn+ k)
k=1
Proof. Let sy, #rs, .=+ -, tan—q be Lhe 25— 1 vertices of the Gear graph G, and also it has 3, edges. Let
ey tia, s, - - - L unn, DEthe vertices of the Cycle C, and 224, 4 be the center vertex of the Gear Graph.
1 in+l 2n4l
Wi I (G = ik L [Dm(Grlle
=1 i=I
— 2 dmioe )
—Sndai 4 PBrint D+ dan= +nn+d 4+ -+ ln+{n—20

Y B Z nln + K
|

Theorem 3.12. If G isa connected graph with n = 2 then 1 < WI(G) < WmI(G).

Proof. Let {«i,«:} bethetwo vertices of G, where G = P, or K..

Their monophonic distance is equal to its shortest distance. (i.e) D(G) = Dm(G) andso W1 (G) = Wm| (G) = 1.
Moreover for agraph G other than P, or K, f{e,.m ) = [ where v o Zonly]

Therefore 1< WI(G) < Wm i (G).

International Journal of Multidisciplinary Research Review, Vol.1, Issue- 17, July-2016. Page- 243



E 2

Research Paper Sepob.
Impact Factor: 3.567 = I|SS§|\I\| _gggg ig??

Peer Reviewed Journal

Result 3.13. The bounds in the above theorem is sharp. For the graph G = C3 or K3, W1 (G) = Wm | (G)
For the graph G = P2 or K2, W1 (G) = 1.

Also the inequality in this theorem is strict.

For the Wheel graph G = C5, W1 (G) = 15, Wm | (G) = 20. ThusW 1 (G) < Wm | (G)

For the graph G = 2, W1 (G) = 3

Thus1 < WI (G)

Therefore 1< W I (G) < Wm | (G).
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