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Abstract
In this paper, we find the order, size and degree of a vertex in the union of two fuzzy graphs. Strong, complete, regular and
connected nature of union of two fuzzy graphs have been studied.
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1.Introduction

Fuzzy graph was introduced say Rosen field in 1975. Fuzzy graphs can be used in traffic light problems, time table
scheduling etc. The operators union, join, cartesian product and composition of two fuzzy graphs were defined by Mordeson
and Peng [9]. Later, Nirmala and Vijaya[11] determined the degree of a vertex in new fuzzy graphs obtained from two fuzzy
graphs using the operation cartesian, tensor, normal product and composition on two fuzzy graphs we find the order, size and
degree of avertex in the union of two fuzzy graphs. We have illustrated an example that the union of two strong fuzzy graphs
need not be a strong fuzzy graph. We have proved that the necessary and the sufficient condition for the union of two
complete fuzzy graphsto be a complete fuzzy graph.

2. Preliminaries

A fuzzy graph G is a pair of function (o, u) where o is a fuzzy subset of a non-empty set V and p is a symmetric fuzzy
relation on ¢. The underlying crisp graph of G: (o,u) isdenoted by G*(V, E) whereEc V x V, G: (o, ) is caled connected
fuzzy graph if for al u, v € V there exists at least one non zero path between u and v. G is called strong fuzzy graph if p (u,
V) = o(u) A o(v) for al (u, v) e E and complete fuzzy graph of u (u, v) = o(u) A o(v), V u, v € V. The degree of avertex is

of G: (o,u) isdefinedasdg(u) = 2, Eu(u V) . The order of afuzzy graph G:(c,u) is defined as O(G) = Zs (U). The
uve ueV

size of fuzzy graph G (o,u) is defined as q(G) = Z p(u, V) if ds(v) =k, for al veG. G issaid to be aregular fuzzy graphs
wekE

of degree ‘k’ or k-regular

3. Union of Two Fuzzy Graphs

Definition 3.1. Let Gy: (o1, i) and Gy (o2, o) be two fuzzy graphs with underlying crisp graphs G; . (Vl, E1) and

G; Z(Vz, Ez) respectively. Let V=V,UV, and let E={uv/u,veV, uveE or uveE, or uveE;NE,} then the union of G; and

G, denoted by GUGs: (GlUGZ, },llUl,lz) is defined by

c,(u), if ueV,-V,
(o,v0,)(u)= o,(u), if ueV,-V,
c,(U)vo,(u), if ueVv,NnV,
and
w, (u,v), if uveE —-E,
(W pp)(u,v) = H, (U, V), if ueE,-E

w(u,v)vp,uyv), if uweE nE,

Theorem 3.2. Let G;: (o1, p) and Gy (o pp) be two fuzzy graphs with underlying crisp graphs G; Z(Vl,El)
andG2 Z(VZ,EZ).
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Then (G]_UGz): ((01U(52), (uluuz)) is anZZy graph
Proof:
We shall prove the theorem in three cases.
Casel: If uv e E;-E,
(maUp2) (U, v) = (U v)
< o1(U) A 61(V)
< [o1(U) v o2(U)] A [o1(V) v o2(V)]
= (01U02) (U) A (o1U02) (V)
(MUp2)(Y, V) < (61U65)(U) A (61V02)(V)
Case2: Ifuv e EZ'El, we can prove as in case (1)
Case 3: If uve EinE,
(lp) (U V) = p(uv) v pp(uv)
< [o1(u) A 61(V)] Vv [o2(U) A o2(V)]
< [o1(U) v o2(U)] A [o1(V) voa(V)]
= (019U02) (U) A (o1U02) (V)
S (pe) (U, v) < (o1u0) (U) A (o1U0) (V)
.. From above three cases we conclude that the union of two fuzzy graphsis again afuzzy graph.

The following example illustrate that the union of two fuzzy graphs.

Example: 3.3. ]
u,(0.4) u(0.5)
0.3 04 05 05
¢
u,(05 05 u,(0.6) u,(08) 96 u(06)
Gy: (o1, pa) fuzzy graph Gy (o2, Ko) fuzzy graph
u,(0.5)

0.5
0.5

®
u08 06  ywoe 02  u(06)
Figure1: G, U Gy (61 U 65, 1y U up) fuzzy graph

4. Order of Union of Two Fuzzy Graphs

Definition: 4.1. Let GUG;: (61Uocs, Uu,) be the union of two fuzzy graphs Gi(c1, 11) and Go: (o5, o) then the order of
G1UG; denoted by O(G,UG,) isgiven by

O(G,uG,) = z o, (u)+ Z o,(u)+ Z c,(U) v o,(u)
ueV;-V, ueV,-V; ueVinV,

The following theorem gives the relation between the order of G4, order of G, and order of G;UG,

Theorem 4.2. Let G;: (o1, 1) and G;: (o2, L) be two fuzzy graphs. Then,
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O(G,UG,)=0(G) +O(G,) ~ D, [o,(u) Ac,(V)]

ueVinV,
Proof:
Let Vi={uyU,,....... Uy X1y X2yeereennnn. Xp}
Vo={VyVy,....... Viy X1, X2yeeeenennen Xp}

Then the order of G; is

0(G) = Y 0,(u)+ Y. 04(x,)

and the order of G, is
m P

O(G,) = ZGZ(VJ’) + ZGZ(XK)
j=1 k=1

By the definition of union of two fuzzy graphs
If Xk € Vi NVy, then
(c1u02) (X) = o1(X) v o2X), kK=1,2...p
If ue V- Vz' then
(01U02) (Ui) = Gl(ui), i=1,2..m
If Vje V- Vl' then
(Glu 02) (U]) = Gz(ul‘),j =12..n

m n P p
Now O(Gy) + O(Gy) = ZGl(Ui)-l-ZGZ(Vj)+ZGl(Xk)+ZGZ(Xk)
i1 i1 k=1 k=1
m n p
DICACORDICACHED INCRITACH
i1 = k=1
P
* Z o, (X ) Ao, (%)
k=1
p
= O(GLUG) +Z(51(Xk)/\62(xk)
k=1
p
OGUG)  =0(G)+0(G) - D 6;(X,) AG,(X,)

k=1
Hence the theorem.

p
Theresult O(G,UG,) = O(G,) + O(G,) - Z c,(X )A0,(X,) canbe verified for the following example.
k=1

5. Size of Union of Two Fuzzy Graphs
Definition 5.1. Let G; U Gy (61 U o5, 1y U pp) be the union of two fuzzy graphs G:: (o1, pi) and G,: (o5, 1o). Thenits size
denoted by q(G; U G,) isgiven by
AGUG)= > p(uv)+ D W uv)+ DL pg(uv) v, (uv)
uv e E;-E, uv e E,-E uv € E;NE,
The following theorem gives the rel ation between the sizes of G, and G, and the size of G; U G,.
Theorem 5.2. Let G;: (o1, 1) and G;: (o2, L) be two fuzzy graphs. Then
4 (G Gp) =q(Gy) +a(Gy) - z py(uv) A, (uv)
uv € E;nE,

proof: similarly as above.
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6. Degree of A Vertex in The Union of Two Fuzzy Graphs
The degree of any vertex in the union of two fuzzy graphs can be found by using following theorem

Theorem 6.1. For any vertex v e V; U V, Then
de (), if uUeV, -V,
de, (U),if ueV,-V,
ds e, (U) =| dg (U) +dg (u), if ueV,NV,andthe edgesincident at u does not liein E; NE,

dg (U)+dg (U)- Z m(uv) Am(wv), if ueV, UV, and the edges
uvelE NE,

incident at u liesin E N E,

Proof:
Any vertex in the union of two fuzzy graphs can be in any one of the following cases.

Case (1): If ue Vi -V, andtheedges (u, v) € E; - E,
dGluG2 (U) = z Ul(UV) = dG1(u)

uv eE;-E,

Case (2): Ifue V,-V;andtheedges(u,Vv) € E; - E;
dog, (W)= D Hy(uv) =dg (u)

uv eE,-E;

Case (3): If ue Vi V,and the edges (u, v) lies either in E; or in E; but not in both.

dgoe, (W)= D K (Uv) + D p,(uv)

uv e g uv €E,
=d,, () +dg, (U)
Case4: Ifue VinV,andtheedgesuv e E; U E; (some edges belongsto E; N Ey)
dg,e, (U) = D (M, U, (Uv)

uv eE

= 2 W)+ > )+ > b uv) v, (uv)

uv e E-E, uve E,-E, uv e EENE,

= 2w+ X )+ X py(uv) v, (uv)

uve E-E, uve E,-E; uve EiNE,

o2 ) A uv)- X (uv) Au,(uv)

uw e ENE, uw e ENE,

SR () B SRR TR (1) KA SN TR (1Y)

w e E-E, w e E,-E; uw e EnNE,

2 m)- X ) Ap,(uv)
w e ENE, w e ENE,

[SinceX p, (U, V) + 2 p, (U, V) = 2 py (U, V) v p,(U, v)
+ZM1(U,V)AM2(U,V)]
Ao, (U) = D H V) + > po(uv) = > py(uv) Al ,(uv)

u e | uv e E, uve ENE,

Z Ul(uv)+ Z Ul(uv): ZUl(UV)

we E-E, w e ENE, wek
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flgue, (U) =dg (U) +dg (W)~ >, M, (UV) Al,(uv)
uv e EENE,
Hence the theorem.
7. Strong and Complete Naturein the Union of Two Fuzzy Graphs
The union of two strong fuzzy graphs need not be a strong fuzzy graph. It isillustrated in the following example.
Example 7.1.

u,(0.5) 1,(0.8)
05
u,(0.7) 06  u(06) u,(0.9) u,(1)
G1: (o1, W) strong fuzzy graph G,: (o5, 1) strong fuzzy graph
¢ u,(0.8)
0.8
0.6 0.9
® ®
U,(0.7) u,(0.9) u,(1)

Figure 2. G; U Gy (o, w) not astrong fuzzy graph

The following theorem shows that the conditions that can be included to make G; U G, a strong fuzzy graph.
Theorem 7.2. It Gy: (o1, 1i) and G,: (o2, 1) are two strong fuzzy graphsthan G, U G, : (61 U 65, 11 U o) iSagain astrong fuzzy

graph if Gl(u) < Gl(V) and Gz(u) < Gz(V) YueViuV, andv e VinV, and G1 < U
Proof:
Since oy <y
GlS MzS ()]
=150y (1)
Since oy <y
<01
=> S 2
Case (1): Ifuve E,veVinVyandueV;
(11 Y o) (U, v) = (U V)
= o1 (u) Ao (V)
= oy (U) ©)

(01U62) (U)A (61U02) (V) = 63(U) A [01(V)V G2(V)]
[.o1Uos(U) =01 (u)ifue V]
=[o1(U) A o1 (V)] v [61 (U) A o2(V)]
=o1(Wv[oi(WAacyv)] [+ o1 (U) <oy(V)]
=07 (U) 4 [-av(aab)=4
From (3) and (4)
(11 Y p2) (U, V) = (01U 02) (U) A (01U 62) (V)

Case2: IfuveE,veVinV,andue V,
(1Y p2) (U, V) = p2 (U, V)

=o2(u) Aoz (V)

= oz(U) ©) [ o2(U) < o2(V)]
(01U 62) (U) A (01U 62) (V)
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=062 (U) A [o1 (V) v ox(V)]
[- (61U G2 (U) =05 (u),ifue V)
=[o2 (U) A 63(V)] v [02 (U)A 62 (V)]
= [02 (u) Aca(V)] v o2 (U)
[ Gz(u) < Gz(V) ifve Vin V2]
=02 (u) (6) [ (anb)va=4d
From (5) and (6)
(MY p2) (U, V) = (01U 62) (U) A (o1 L G2) (V)
Cae3: Ifuve E;nE,andu,veViNnV,
(M2 p2) (U, V) = pg (U, V) v pz (U, V)
=2 (u,v) [ pa <]
= 62 (U) A 0(V) (7)
(61U 62) (U) A (01U 62) (V)
= [o1(U) v 62(V)] A [o1 (U) v 52(V)]
=o2(U) Aoxv) (8) [ o1<0]]
From (7) and (8)
(11 Y p2) (U, V) = (01U 02) (U) A (01U 62) (V)
Hence the theorem |
Remark 7.3. In general union of two complete fuzzy graph need not be a complete fuzzy graph it can be illustrated from the
following example.

8. Regular Fuzzy Nature of the Union of Two Fuzzy Graphs
Union of two non regular fuzzy graphs can be aregular fuzzy graph. This can beillustrated from the following example.

Example 8.1.
u,(0.3)
u,(0.5) u,(0.6)
03 0.3 03 0.3
:,(0.5)
u,(0.4) u,(0.7)
Gy (o1, ) Gy (o2 1)
non regular fuzzy graph non regular fuzzy graph
u,(0.3)
0.3 0.3
u,(0.5) u,(0.6)

u,(0.7)

Figure 3. G, U Gy: (o1 U G5, 1y U Wp) regular fuzzy graph.
Union two regular fuzzy graph can be anon regular fuzzy graph. Thisresult isillustrated with an example as follows.
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10. Conclusion

In this paper, we have obtained the relation between the order and size of a fuzzy graph with union of two fuzzy graphs. We
find the degree of a vertex in the union of two fuzzy graphs. We have given one example for union of two complete fuzzy
graph need not be a complete fuzzy graph. We have proved a theorem that the condition for the union of two strong fuzzy
graphsis again a strong fuzzy graph. Also we have proved that the necessary and the sufficient condition for the union of two
regular fuzzy graph to be aregular fuzzy graph.
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