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Abstract
Two person zero- sum game with trapezoidal fuzzy numbers are considered. An interval programming problem is applied for
each player so as to transform into bi-objective linear problem using interval inequality relations. Applying the weighted
average method, we get an improvement over the results of optimal pay-off value of the game.
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1.1. Definition: Definition: (Trapezoidal fuzzy number) (Tr FN):
A fuzzy number A is called a trapezoidal fuzzy number if its membership function is given by

The TrFN A is denoted by the quadruplet A= 1( , , , )ua a a a and has the shape of a trapezoid.

Further the α-cut of the TrFN A= 1( , , , )ua a a a is the closed interval
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Next let A= ( , , , )l ua a a a and B= ( , , , )l ub b b b be two TrFN, then using the  -cuts one can compute A*B where * may be

(+), (-), (.), or operation. In this context it can be verified that
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1.2. Definition: (TFN)
A TFN = ( , a, ) is a special type of fuzzy set on the set of real numbers, whose membership function is defined as

follows

(x) =

where a is the mean value of , and represents the left and right spread respectively. Note that if = = a, then is

reduced to a crisp number. The set of all TFNs are denoted by ).

1.3 Definition: (α- cut sets):
A α-cut set of a TFN, = ( , a, ) is a crisp subset of , which is defined as

= {x: (x) ≥α} where 0 ≤α≤1. Using the membership function (x) it can be easily proved that is a closed interval

and = [ + α (a - ), -α ( -a)] = [ ]. Where = +α (a- ) and = -α ( -a). The set of all α-cut values of

TFNs is denoted by .

2. Basic Interval Arithmetic
2.1. Definition: ([16]):
An interval number is defined as = [ , ] = {x ≤x≤ }, is the set of all real numbers. The numbers

are called respectively the lower and upper limits of the interval . An interval number can also be represented in mean-

width form as = , where m (a) = ( + )  and  w(a) = ( - ) are the mid-point and half-width of the

interval . The set of all interval numbers in is denoted by I ( ).The basic interval arithmetic are given as follows. Let

= [ ] and = [ , ] be two interval numbers

Then

+ = [ - and

=

where is a real scalar.

2.2. Definition: ([18])
The crisp equivalent forms of interval inequality constraints z and are defined as
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z and

z (1)

Where and denote the interval number inequalities and represents the minimal degree of the inequality

constraints.

2.3. Definition: ([7])
Let = [ , ] be an interval. The maximization and minimization problem with the interval valued objective function

are described as follows
Max { and min { }

Which are equivalent to the following bi-objective mathematical programming problems:
Max { m ( and min , m ( }

Hear and are the set of constraints.

3. Mathematical Model of a Matrix Game:
Let i 1,2,……m}be a pure strategy available for player I and j 1,2,……..n} be a pure strategy available for player

II.  When player I chooses a pure strategy i and the player II chooses a pure strategy j, then is the payoff for player I and

be a payoff for player II. The two-person zero-sum matrix game G can be represented as a pay-off matrix A =

3.1 Mixed Strategy:
Consider the game G with no saddle point, i.e. } }. Neumann [18] introduced the

concept of mixed strategy. We denote the sets of all mixed strategies, called strategy spaces, available for the players I, II by

= {x= ( ) : ; i=1, 2,……m  and =1}

= {y= ( ) : 0; j=1, 2,……n     and =1}

where denotes the m- dimensional non-negative Euclidean space. Thus by a crisp two-person zero-sum matrix game G

we mean the triplet G = ( , , A).

3.2 Matrix Game with Fuzzy Pay-offs
Consider , be the strategy spaces for player I and player II respectively and = ( ) be the pay-off matrix

where each = ( ) is a TFN. Then a two-person zero-sum matrix game with fuzzy pay-offs is the triplet

( ).

3.1. Definition: ([3])

Let and be two TFNs. If there exists and , satisfying y≿ and is a

reasonable solution of then (respectively, ) is called reasonable value of the player I (respectively, player II).
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3.2. Definition: ([3])
Let and denote the set of all reasonable values for players I and II respectively. Assume that there exist

and . If there does not exist any and ( ) such that the following conditions

,  and then ( ) is an optimal solution of the (respectively, ) is called an optimal

strategy for player I (respectively, player II) and (respectively, ) is the value of the game for player I (respectively,

player II).

According to the definitions, the optimal strategies for player I and for player II can be solving the

following fuzzy mathematical problems:
Max { } min { }

Subject to and subject to

Since and are convex it is sufficient to consider only the extreme points (i.e. pure strategies) of and .The

following two fuzzy mathematical programming (FMP) models as
Max { }                                                               min { }

Subject to and Subject to

respectively.
The above two FMPs, can be transformed into the following interval mathematical programming models as

Max { }

Subject to

Min { }

Subject to

respectively.

Let us consider the -cut sets of and as

= [ and ( ) = [ ].

Where [ ] is an interval and denote lower and upper limits respectively. The two models can be written as

Max { }
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Subject to

Min {[ ]}

Subject to

respectively.
The above two problems can be converted into the two bi-objective mathematical programming models as follows

Max

Subject to (j=1,2,..……., n)

(j=1, 2,….. ,n)                                                (2)

(i=1, 2,…,m)
And

Min

Subject to (i=1, 2,…,n)

(i=1, 2,…..,n)                                               (3)

(j=1,2,……n)

The equations (2) and (3) are bi-objective linear programming problems (BOLP) on the decision variables
and

To solve equations (2) and (3) we get

Max

Subject to

}

(4)
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And

Min

Subject to

}

(5)

Now, if all TFNs are approximated to its -cut interval we have

and

Therefore, the above two liner programming problems reduced to

Max

Subject to

(1- ){ } ]

+ (1- ) (j=1,2,…,n)                                  (6)

and

Min

Subject to

(1- ) { }]

+ (1- ) (i=1,2,…,m)                                (7)
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where the parameters and are given by the players/decision makers.

We take = 0, which indicates that the inequality constraints. For given parameter , using existing simplex method for

linear programming problems, optimal solutions of equations (6) and (7) can be obtained. We denote them as

( ) and ( ) respectively.

Thus the optimal strategy and the corresponding upper and lower bounds of -cut of the value of the game, for

player I is obtained for given . Similarly, for player II, optimal strategy and the corresponding upper and lower bounds

of -cut of the value of the game, for player II is obtained for given .

4. Numerical Example
Suppose that there are two companies I and II to enhance the market share of a new product by competing in advertising. The
two companies are considering two different strategies to increase market share: strategy I (adv. by TV), II (adv. by
Newspaper). Here it is assumed that the targeted market is fixed, (i.e) the market share of the one company increases while
the market share of the other company decreases and also each company puts all its advertisements in one. The above
problem may be regarded as matrix game. Namely, the company I and II are considered as players I and II respectively. The
marketing research department of company I establish the following pay-off matrix using the trapezoidal numbers we have

Adv.by TV                adv.by newspaper

where the element (160,175,175,190) in the matrix indicates that the sales amount of the company I increases by “about

175” units when the company I and II use the strategy I (adv. by TV) simultaneously. The other elements in the matrix can

be explained similarly.
According to the equations (6) and (7) we get the linear programming models as

Max

Subject to   (160+15 ) + (180+5 )

(140+5 ) + (160+10 )

{(1+ + {(1+ (105-20

} + (1- ) (8)

{(1+ + {(1+ (100-20

} + (1- )

And

Min
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Subject to   (190-15 ) + (160-5 )

(105-20 ) + (190-20 )

{(1+ + {(1+ (140+5

} + (1- ) (9)

{(1+ + {(1+ (160+10

} + (1- )

= 0 indicates that the inequality constraints. For given we can solve the above two equations (8) and (9). The upper and

lower bounds of -cut sets of the value of the game (respectively, ) for player I (respectively, player II) and the

corresponding optimal mixed strategies for any [0, 1] are shown in the following table.

Table 1: Solution of the game for different values of

0 0.84716 0.1538 0.2609 0.7391 143.00 181.5 157.82 167.82
0.1 0.84521 0.1548 0.2570 0.7482 143.67 180.1 156.02 166.04
0.2 0.84582 0.1542 0.2428 0.7551 144.02 178.69 156.25 166.84
0.3 0.84526 0.15412 0.2378 0.7621 144.96 178.58 155.11 165.27
0.4 0.84420 0.1550 0.2353 0.7647 145.54 176.22 155.00 159.00
0.5 0.70998 0.2900 0.2521 0.7478 152.02 149.02 144.19 158.00
0.6 0.70241 0.2900 0.2521 0.7475 152.01 148.01 143.00 155.02
0.7 0.75560 0.2444 0.2532 0.7468 149.24 172.39 143.61 154.47
0.8 0.83842 0.1628 0.2638 0.7361 149.01 168.52 145.83 151.57
0.9 0.83813 0.1619 0.2511 0.7489 148.46 168.84 150.65 150.65

1 0.82802 0.1624 0.2511 0.7489 147.93 158.42 158.75 158.75

In the above table the optimal solution for the above two problems (6) and (7) for different values of . In particular, for =

0.5, the optimal strategies for player I and player II are
= (0.7099, 0.2900) and = (0.2521, 0.7476) and the cut set of the value of the game for player I and player II are the

intervals [152.02, 149.02] and [144.1, 158], respectively.
Table 1 shows that larger the values, lower the degree of uncertainty of the value of the game for both players. Moreover,

when = 0 the cut set of the value of the game of the player I and II are the intervals [143, 181.5] and [157.8, 167.8]

respectively, which are the widest.
Thus, in this example the value of the game for player I falls outside of the interval [143, 181.5]. Again for = 1 the value of

the game for player I is 147.9, which is the most likely value. Similarly, the value of the game for player II never falls outside
of the interval [157.8, 167.8] and the most likely value is 158.7. Therefore, the approximate values of the game for players I
and II are obtained as follows:
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= (143, 147.9, 181.5)               and

= (157.8, 158.7, 167.8)

respectively, which are TFNs. It means that the sales amount increases of the company I is “approximately 147.9”. In other
words, company I’s minimum reward is 143 while his maximum reward is181.5. Similar interpretation can also be given to
player II.

4.1. Results obtained by Li’s Approach:
Consider the Li approach [10] the value of the game for player I and player II, respectively as TFNs, denoted by

) and . Then, player I’s LP problem are constructed as follows

Max { }

Subject to   160 + 80

140 + 160

175 + 85

145 + 170

190 + 105 (10)

160 + 190

+ = 1

Solving (10) by using the simplex method of linear programming we obtain the optimal solution

( ), where = (0.823, 0.210), =144,

=155, =166

Now, player I’s LP problem are constructed as follows:
Max { }

160

(11)

Max { }

(12)

Equations (11) and (12) have the optimal solutions and =171.58. Therefore, optimal mixed strategy and

corresponding value of the game for player I are = (0.823, 0.210) and = (148.48, 155, 171.58), respectively.

Similarly, the optimal mixed strategy and corresponding value of the game for player II are = (0.2105, 0.823) and =

(148.24, 155.01, 176.05), respectively.

5. Conclusion
In this paper, two-person zero-sum matrix game is considered where each elements of the pay-off matrix is a TrFN and a new
approach is derived to solve such games based on -cut sets of TrFNs. Our approach is based on Interval programming and

weighted average approach which is thereby improving the game value of the matrix. The main advantage of this method is
that besides unifying the fuzzy matrix game theory it does not require any  defuzzification function or any specification of
aspiration levels which otherwise may be difficult to decide in practice.
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