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INTRODUCTION

There are many concepts of universal algebras generalizing an associative ring ( R ; + ; . ). Some of them in particular,
nearrings and several kinds of semirings have been proven very useful. Semirings (called also halfrings) are algebras (R ; +
; . ) share the same properties as aring except that ( R ; +) is assumed to be a semigroup rather than a commutative group.
Semirings appear in a natural manner in some applications to the theory of automata and formal languages. An algebra (R ; +,
.) issaid to beasemiring if (R; +) and (R ; .) are semigroups satisfyinga. (b+c)=a b+acand(b+c).a = b.a+c. a
for al a, band cin R. A semiring R is said to be additively commutative if a+ b =b +aforal a bandcinR. A
semiring R may have an identity 1, definedby 1. a=a=a. 1land azero 0, definedby 0 +a=a=a+0anda 0=0=0.a
for al a in R. A semiring R is said to be a hemiring if it is an additively commutative with zero. After the introduction of
fuzzy sets by L.A.Zadeh[10], severa researchers explored on the generalization of the concept of fuzzy sets. The concept of
intuitionistic fuzzy subsets (IFS) was introduced by K.T.Atanassov[4], as a generalization of the notion of fuzzy set. The
notion of Fuzzy left h-ideals in hemirings with respect to a s-norm was introduced in [2].In this paper, we introduce the some
Theoremsin intuitionistic fuzzy subhemiring of a hemiring.

1.PRELIMINARIES

1.1Definition: Let X be anon-empty set. A fuzzy subset A of X isafunction A : X — [0, 1].

1.2 Definition: An intuitionistic fuzzy subset (IFS) A in X is defined as an object of the form A = { < x, pa(X) , va(x) >/
xeX }, where pa: X - [0,1] and va: X — [0,1] define the degree of membership and the degree of non-membership of the
element xe X respectively and for every xeX satisfying 0 < pa(X) + va(x) < 1.

1.3 Definition: Let R be ahemiring. An intuitionistic fuzzy subset A of R is said to be an intuitionistic fuzzy subhemiring
(IFSHR) of Rif it satisfies the following conditions:

() palxty)2min{ pa(x), paly)

(i)  palxy) 2 min{ pa(x), pa(y) },

(i) valx +y) < max{ va(x), va(y) }.

(iv)  va(xy) <max{ va(x), va(y) }, foral xandyinR.

1.4 Definition: Let A and B be intuitionistic fuzzy subsets of sets G and H, respectively. The product of A and B, denoted by
AxB, isdefined as AxB ={{ (X, ¥), taxe(X,¥), vaxa(X,y) ) /for adl x inGand y in H }, where paxs(X, y) = min{ pa(x), ue(y)}
and vaxe(X, y) = max{ va(x), ve(y) }.

1.5 Definition: Let A be an intuitionistic fuzzy subset in a set S, the strongest intuitionistic fuzzy relation on S, that is an
intuitionistic fuzzy relation on A isV given by py(x, y) = min { pa(x), pa(y) } and vy(X, y) = max { va(x), va(y) }, for al x
andyinS.

2. SOME PROPERTIES OF INTUITIONISTIC FUZZY SUBHEMIRING OF A HEMIRING R.

2.1 Theorem: Let ( R, +, . ) be a hemiring. Intersection of any two intuitionistic fuzzy subhemiring of a hemiring R is an
intuitionistic fuzzy subhemiring of R.

Proof: Let A and B be any two intuitionistic fuzzy subhemiring of ahemiring Rand let xandy in R. Let A ={ ( X, pa(x),
va(X)) /xeR} and B ={ (X, us(X), va(x) ) / xeR } and also let C= AnB ={ (X, pc(X), ve(X)) / xeR }, where min { pa(x),
ue(X) } = pc(x) and max{va(x), ve(X)}=vc(x). Now, uc(x+y) = min{ua(x+y), ps(x+y)} = min{min{pa(x), pa(y) },
min{ us(x), ue(Y)}} = min{min{pa(x), ue(x)}, min{pa(y), pe(y)}}= min {uc(x), pc(y) }.Therefore, pc(x+y) = min{uc(x),
ey}, for @l x and y in R. And, pc(xy) = min{pa(x y), ps(x y) }2 min{min{pa(x), pa(y) }, min{ps(x), us(y)}} =
min{min{ pa(X), pe(¥)}, Min{ua(y), us(y)}}= min{ pce(x), pe(y)}. Therefore, pc(xy) = min{pc(x), pc(y) }, for al x and y in
R. Also, ve(x+y) = max{ va(x+y), ve(x+y)}< max{max{ va(x), va(y) }, max{ ve(x), va(y)}}= max{ max{va(x), ve(x) },max
{ vay)ve)} }= max{ vc(x), ve(y)} - Therefore, ve(x+y) < max{vc(x), vc(y)}, for dl x and y in R. And, ve(x y) =
max{va(xy), ve(xy)}s max{ max{va(x), va(y)}, max{ve(x), ve(y) }}=max{max{va(x), va(x)}, max{va(y), ve(y)}}=
max{vc(X), ve(y)}.Therefore, ve(xy) < max{vc(X), ve(y)}, for al x and y in R. Therefore, C is an intuitionistic fuzzy
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subhemiring of a hemiring R. Hence, intersection of any two intuitionistic fuzzy subhemiring of a hemiring R is an
intuitionistic fuzzy subhemiring of R.

2.2 Theorem: Let ( R, +, . ) be a hemiring. The intersection of a family of intuitionistic fuzzy subhemirings of R is an
intuitionistic fuzzy subhemiring of R.

Proof: Let{V;:iel} beafamily of intuitionistic fuzzy subhemirings of a hemiringRand let A= NV, . LetxandyinR.

iel
Then, pa(xty) = Inf pyixty) Zinf min{ui(), wily)} = min{inf p(x), inf wa)}= minfua®), pa(y)}. Therefore,
ua(x+y) 2 min{ua(x), pa(y) }, for al x and y in R. And, pa(xy) = iiQT pvi(xy) =2 iiQT min{ pyi(X), pvi(y) I =min{
iiglf Hvi(x)’iiQT wi(y)} = min{ua(x), pa(y)}. Therefore, pa(xy)zmin{ua(x), pa(y)}, for al x and y in R. Also, va(x+y)

=SUP wixty) < SUPpmax{vvi(x), wi(y)}= max{ SUp vvi(x), SUPwvi(y)}= max{va(x), va(y)}. Therefore, va(x+y) <
iel iel iel iel
max{ va(x), va(y)}, for all x andy in R. And, va(xy) =SUP vyi(xy) < SUP max{ vvi(x), vvi(y)} = max{ SUP vvi(x), SUP vi(y)}
iel iel iel iel
= max{va(X), va(y)}. Therefore, va(x y) < max{va(x), va(y)}, for al x and y in R. That is, A is an intuitionistic fuzzy
subhemiring of a hemiring R. Hence, the intersection of a family of intuitionistic fuzzy subhemirings of R is an intuitionistic
fuzzy subhemiring of R.

2.3 Theorem:; If A and B are any two intuitionistic fuzzy subhemiring of the hemirings R; and R, respectively, then AxB is
an intuitionistic fuzzy subhemiring of RixR..

Proof: Let A and B be two intuitionistic fuzzy subhemiring of the hemirings R; and R, respectively. Let x; and x; bein Ry, y;
and y, be in R,. Then (X3, y1) and ( Xz, Yo ) are in RiXRy. Now, paxe [ (X1, Y1) + (X2, ¥2) 1 = Haxe ( X2 + X2, Y1+ ¥2)
=min{ pa( Xe+ X2), pe( Y1+ y2) }= min{min{ pa(X1), ua(X2) }, min{ pa(ys), ue(y2) } } = min{min {pa(xa), pe(ys) },
min{ pa(Xz), e(Y2) 1= min{paxs (X1, Y1), Haxe (X2, Y2) }. Therefore, paxe [ (X1, Y1) + (X2, Y2) 1 = min{paxs (X1, Y1), paxe (X2,
Y2) }- Also, paxs [ (X1, Y1)(X2: ¥2) ] = paxe ( XaX2, Yiy2) = min{ pa( XiX2), ue(Yay2) } = min{ min{ pa(Xq), pa(x2) }, min{
pe(Y), pa(y2) } } =min{ min{ pa(xa), ua(ys) }, min{ pa(x2), us(y2) } }=min{ paxe (X1, Y1), taxe (X2, Y2) }.Therefore, paxs [
(X1, Y1) (X2, Y2) | =2 min{ paxs (X1, Y1), Haxe (X2, ¥2) }- And,vase [ (X1, Y1) + (X2, ¥2) ] = Vaxe ( Xt Xo, Y1+ Y2) = max{ va(Xi+ Xo),
ve(y1t Y2) }< max{max{ va(Xs), va(X2) }, max{ve(y), ve(y2) } } = max{max {va(x1),va(ys) }, max{ va(x2), ve(y2) } }=
max{ vaxe (X1, Y1), Vaxs (X2, ¥2)} -

Therefore, vaxg [ (X1, Y1) +(X2, ¥2) ] £ max{ vaxe (X1, Y1), Vaxe (X2, ¥2) }. AlSO, vaxg [(X1, Y1) (X2, Y2)] = vaxe ( X1X2, Y1y2) = max
{ va(x1x2), ve(y1y2) }< max{ max{ va(X1), va(xz) }, max{ ve(y), va(y2) } }=max{ max{va(Xs), ve(y1) }, max{va(x2), va(y2)
P =max{ vaxe (X1, Y1), Vaxe (X2: Y2) }. Therefore, vaxs [ (X1, Y1)(X2, Y2) | < max{vaxs (X1, Y1), vaxs (X2, Y2) }. Hence AxB is
an intuitionistic fuzzy subhemiring of hemiring of RixRs.

2.4 Theorem

Let A and B be intuitionistic fuzzy subhemirings of the hemirings R; and R, respectively. Suppose that e and e are the
identity element of R; and R, respectively. If AxB is an intuitionistic fuzzy subhemiring of RixR,, then at least one of the
following two statements must hold.

(i) ps(€) > pa(x) and ve(€) <va(x), for al xin Ry,
(ii) pa(€) = ps(y) and va(e) < vg(y), for al y inR..

Pr oof

Let AxB be an intuitionistic fuzzy subhemiring of RixR,. By contraposition, suppose that none of the statements (i) and (ii)
holds. Then we can find ain Ry and b in R, such that pa(a) > pB(e‘ ), va(@) < vB(e‘ Yand pg(b) > pa(e), ve(b) < va(e). We
have, pace (@ b)) = min{pa(@), pa(b)}> min { pa(e), HA(eP b= min { pa(®), pa(€) }= pace (& € ). And, vae (a b) =
max{va(d@), ve(b)}< max{vg(€'), va(e)}= max{va(e), va(€')} = vaxs (& ¢ ). Thus AxB is not an intuitionistic fuzzy
subhemiring of RiXR». Hence either pg(e ) > ua(x) and vB(é) <va(X), for al x in Ry or pa(e) > ug(y) and va(e) < vg(y),
foral yinR,.
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25 Theorem Let A and B be two intuitionistic fuzzy subsets of the hemirings R; and R, respectively and AxB is an
intuitionistic fuzzy subhemiring of R;xR,. Then the following are true:

0] if ua(x) < uB(e‘) and va(X) > vg( ¢ ), then A isan intuitionistic fuzzy subhemiring of R;.

(i)  if pe(X) < pa(e) and vg(x) > va(€), then B is an intuitionistic fuzzy subhemiring of R.

(iii)  either A isanintuitionistic fuzzy subhemiring of R, or B is an intuitionistic fuzzy subhemiring of R.

Proof: Let AxB be an intuitionistic fuzzy subhemlrlng of RixR, and x and yin Rlande‘ in Ry. Then (x, ¢ )and (y, e ) arein
R1XR,. Now, using the property that pa(x) < uB(e) and Vf(x) > vg( e) for aII X in Ry We get, ua(x+y) = min{ pa(x+y),
Ha(€+€)} = taxg ((x+ ), (€+€)) = pasl (%, €) + (v, €)1 > minfpuae(x, €), pasly, €)= min{min{ua(x), us(€) },
min{ pa(), pe(€) }} = Min{ pa(x), pa )? > min{ pa(x), Hg()’)} Therefore, HA(X"?/) = min{ pa(x), pa(y)}, for al x andy
in Ry. Also, pa(xy ) = min{ pa(xy), ps(ee’) F Haxs ((Xy), (e ) )= paxs [ (% e )y, €)] =minfpas(X, €), paxe(y, €) }=
min{min{ pa(x), pa(e ) }, min{pa(y), pe(e’) }} = min{pa(x), pay) }.Therefore, pa( xy) = min{pa(x), pa(y) }, for al x
and y in RuAD, va(x+y ) = max{va(x+y), ve(ere ) 1= vis ( (x4y), (€+¢)) = vae [ (X, €) * (y, &) ]
< max{va(x, €), Va(y, € ) }= max{max{va(x), va(€ ) }, max{ va(y), ve(€) }} = max{va(x), va(y) }. Therefore, va(x+y
) <max{va(X), va(y) }, fordl xand y in R;.

AlsD, va(xy ) = max{va(xy), ve(ee') }= Vase ( (), €€)) =vas[ % &)y, €)1 < max{vasx €), vaely, &) }=
m%x{mag{w\(x) V(€ ) }, max{va(y), ve(€) }} = max{va(x), va(y) }.Therefore, va(xy) < max{va(x), va(y)}, for al x
andyinr;.

Hence A is an intuitionistic fuzzy subhemiring of R;. Thus (i) is proved.

Now, using the property that pg(x) < pa(€) and vg(x) > va(e), for al X inR,, let x and y in R, and ein Ry. Then (g, x) and (e,
y) arein RixR..We get, ug(x+y) = min{ ug(x+y), pa(ete)}= min{ pa(ete), us(x+y) }= paxe( (ete), (x+y) ) = pasel (& X) +
(& )1 =minfuaes(e x), paxe(e y) }=min{min{ua(e), pe(x) }, min{pa(e), ps(y) } = min{ pa(x), pe(y) }= minfus(x),
us(y) } . Therefore, ug(x+y) = min{ug(x), pe(y)}, forall x andyinR,. Also, pg(xy) = min{ug(xy), na(ee) }= min{pa(ee),
He(xy) } = pas ((ee), (Xy) ) = pae [(& X)(& Y )]= min{paxe(€, X), paxe(® Y)} =min{min{pa(e), us(x) }, minf{pa(e),
me(y) } }= min{ug(x), pe(y)}. Therefore, ug( xy) = min{ug(x), pe(y)}, for al x and y in R,. And, vg(x+y) = max{vg(x+y),
va(ete)}= max{va(ete), ve(xty)}= vas ((ete ), (x+y) ) =vae[ (& x) + (e y) ] < max{vaas(e X), vas(e y) }=
max{ max{ va(e), va(x) }, max{ va(e), va(y) } } = max{vg(x), ve(y)}< max{vs(x), va(y)}. Therefore, vg( x+y) < max{ vg(x),
va(y)}, for al x and y in Ry. Also, vg(xy) = max{ve(xy), va(ee)} = max{va(ee), va(xy)} =vaw((e), (xy))=vael (& X
)& y) ] <max{vaas(e X), vae( & y) } =max{max{va(e), vs(X)}, max{va(e), ve(y)}}= max{ve(x), va(y)}. Therefore,
ve(xy) < max{vg(x), va(y)}, for al x and y in R,. Hence B is an intuitionistic fuzzy subhemiring of a hemiring R,.Thus (ii) is
proved.(iii) is clear.

2.6 Theorem
Let A be anintuitionistic fuzzy subset of ahemiring R and V be the strongest intuitionistic fuzzy relation of R. Then A isan
intuitionistic fuzzy subhemiring of R if and only if V isan intuitionistic fuzzy subhemiring of RxR.

Proof: Suppose that A is an intuitionistic fuzzy subhemiring of a hemiring R. Then for any x = ( Xy, Xp) andy = (yy, y2) are
in RXR. We have, uy(x+y) = py [(X1, X2)+(y1, Y2)] = pv( Xat Y1, Xot Y2 ) = min{ua(Xe + Y1), pal Xo+ y2) } 2
min{min{ ua(Xa), pa(ys) }, min{pa(X2), ua(y2) 3= min{min{ pa(xs), pa(x2) }, min{ua(ys), pa(y2) }}= min {py (X1, X2), pv
(Y1, Y2) }=min{py (X), py () }. Therefore, py (x+y) = min{uy (x), py ()}, for al x and y in RXR. And, py (Xy) =py [(X1, X2)
(Y1, Y2)I= u(Xay1, Xay2) = min{ua(xays), Ha(xzy2) b > min{min{ua(x), paly:) , min{ua(xz), paly2) } } = min{min{ pa(xs), pa(x2)},
min{ pa(ya), na(y2) } 3= min{uy (X1, X2), pv (Y, Y2) }= min{py (X), py (Y)}. Therefore, py (xy) = min {py (x), py (¥)}, for all
x and y in RXR. Also we have, vy (X+Y) = vy [(X1, X2) +(Y1, Y2)]= Wl Xit y1, Xot y2 ) = max{va(xst y1), valxot y2) } <
max{max{va(x), valy1) }, max { va(x2), valy2) } } = max{max {va(Xs), va(x2) }, max{va(y1), va(y2) } } = max{vy (X1, X2), vy
(Y1, Y2) }= max{wy (X), vv (¥) }. Therefore, vy (x+y)< max{ vy (X), vy (¥) }, for al x and y in RxR. And, vy(Xy) = vy[ (X1, X2)
(Y1, ¥2) I= Wl xay1, Xay, )= max{ valxayi), va(xay2) } < max { max { va(x), valy1) }, max{va(xz), valyz) } } = max{max{va(xy),

va(X2) }, max{va(y1), va(y2) } }=max{vy (X1, X2), vv (Y1, Y2)} = max{ vy (X), vy (Y)}. Therefore, vy (xy) < max {vy (x), vv (y)
}, for al x and y in RxR. This proves that V is an intuitionistic fuzzy subhemiring of RxR. Conversely assume that V is an

intuitionistic fuzzy subhemiring of RXR, then for any x = (X, Xp) and y = (yi, Y») are in RXR, we have min{ pa(xi+ Y1),
Ha(Xot Y2) }= pv(Xatys, Xoty2) = py [(X1, X2) + (Y1, Y2)] = pv(x+y) 2 min{py (X), py (y) } = min{py (Xg, X2) , py (Yo, Y2) }=
min{ min{ pa(Xa), pa(X2) }, min{pa(ys), pa(y2) }}. If we put X =y, = 0, we get, ua(Xs+ y1) = min{ pa(xa), pa(ys) }, for al x;
and y; in R. And, min { pa(Xay1), pa(Xay2) } = pv( Xay1, Xoy2) = pvl (X1, X2) (Y1, Y2)I= pv (Xy) 2 min{ py (X), py (y) }=min{py

International Journal of Multidisciplinary Research Review, Vol.1, Issue-9, Nov-2015. Page- 262



-3 IJMDRR
= Research Paper

(Xll X2),

Impact Factor - 2.262 E- ISSN -2395-1885

Peer Reviewed Journal |SSN -2395-1877
py (Y1, Y2) F=min{min{ pa(Xa), pa(x2) }, min{ua(y:), pa(y2) } }. If we put x; =y, = 0, we get pua(X1yz) = min{ pa(xy),

ua(ya) }, for al x;and y; in R. Also we have, max{ va(Xi+ Y1), va(Xot Y2)} = vw( Xat+ Y1, XatY2) = vy [(X1, X2) + (Y1, Y2)] =
vy (X +y) < max{ vy (X), vv () }= max{ vy (X1, X2), vv (Y1, ¥2) }= max{max{va(Xs) , va(x2) }, max{va(y1), va(y2) } }. If we
put X =y, = 0, we get, va(Xit+ Y1) < max{va(Xs) , va(y1) }, for al x;and y; in R. And, max{ va(Xiy1) , va(X2y2) }= vw( Xay1,
XaY2) = wl(Xs, X2) (Y1, Y2)I = vw(xy) < max{vy (X), vv (¥)} = max{vy (X1, X2) , vv (Y1, ¥2) }= max { max {va(xd), va(x2) },
max{va(y1), va(y2) } }. If we put X,=y, = 0, we get, va(Xsy1) £ max { va(Xy), va(y1) }, for al x;and y; in R. Therefore, A is
an intuitionistic fuzzy subhemiring of R.
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