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Abstract

In the present paper we have introduced some specia Finder spaces like C- reducible, Semi C- reducible, C2-
like, S3- like, $4- like, % - recurrent, 7 - recurrent and have derived results telling as to when a C- reducible
Finder space is & - recurrent, a C2- like Finsler space is % - recurrent, a semi C- reducible Finder space is
£% - recurrent, a <" - recurrent Finder space is * - recurrent, a C- reducible Finsler space is 5% - recurrent, a
S4- like Finder space is £* - recurrent and in the last we have also observed that a non-flat S3-like Finder

spaceis always £* - recurrent.

1. Introduction
We consider an n-dimensional Finder Space F. referred to alocal coordinate system x*, where metric function
F(x, x) satisfies al the conditions usually imposed upon such a metric function. Now, we introduced some space
special Finsler spaces which will form the subject matter of our studies.

A Finder space £ (n>2) W|th the non-zero length of torsion tensor * is called semi C-reducible[8] if

(1.1) T = (th Ch T +.——_: o0,
where p and q = (1-p) do not vanlsh and A, isgiven by )

(1. 2) i =g L
and (1.3) .

The unit vector i* |nthe dlrectlon of element of %*,is given by

and

A semi C-reducible space is of thefirst kind or of the second kind, according as p # ; or p= ; [8].

A non-Riemannian Finder space F. iscalled ©*-recurrent [4], if the (h) hv- torsion tensor Cin satisfies
(1 7) Co = 8 Ty

where, &. isa covarlant vector field.
The Berwald S v-connection is deflned by

(1 8) __ & _- __;_':] = e
Where (1 9) 2 ! I A, X I - -.-'::. E _|:-_. :-"-":-:-_. :!:.
This connection & :,is not in general independent of directional arguments +°. A Finder space in which &, is

independent of dl_rectlonal arguments is called a Berwald’s space. This space is characterised by the condi_tion
[5]
(1.10) li_.__...;_-i_- = O.
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It follows from (1.10) that each Berwald’s space is a Landsberg space.

2. Properties of Recurrence
For carrying out further studies under this heading, we give the following definitions.

Definition (2.1) :
A tensor field T |scalled h- recurrent, if

JI = _- T
o A d oo,

where 4, isacovariant vector field.

Definitlon (2 2):
Avectorfleld - iscalled h- recurrent, if for acovariant vector field %, , we have

Therefore, we can state:

Theorem (2.1)
Ina £*- recurrent Finsler space the covariant vector field £, ish- recurrent.

In general, the condition (2.1) is only a necessary condition in a - recurrent Finsler space. However, there are

some specia Finder space where this condition is necessary as well as sufficient in order that the space may be
£%- recurrent. We discuss such special Finsler space as under.

In 1972, Matsumoto [6] introduced that notation of C- reducible Finsler space. A non-Riemannian Finder
space F..(n>2) is called C- reducibleif the (h) hv-torsion <, ... of £ iswrittenin the form

(2 2) Lz —(_' i ::ff;'

where £; isatorsion vector defined by £; =
get

(2.3 —____ _— ( iy _-_:'-'.-' —' = )
At this stage if we assume that (2 1) hoI ds, then equatl on (2.3) with the help of (2.2) gives that the spaceis
recurrent. Therefore, in consequence of theorem (2.1), we have the following:

Theorem (2.2)

A necessary and sufficient condition in order that a C-reducible Finsler spaceis £*- recurrent isthat the
vector field £7; is h- recurrent.

The notion of C-2 like Finsler space has been introduced by Matsumoto and Numata [7]. Such a Finder space
is characterized by a special form of torsion tensor ;... given by

(24) €, == €,0,€, With £ 720,
The h-covariant derlvatlve of (2.4) with respect to x‘ gives

(2.5) €% Cyjpaq + 20,5, C% g = 6, Gy
At this stage, we now consder .. =y, the equatlon (2 4) and (2 5) shows that C-2 like Finder space is
=~ recurrent. Thus, in view of theorem (2.1), we can state:
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Theorem (2.3)

A C-2likeFinger spacein £*- recurrent. If thevector field £, ish-recurrent.
Further, in the case of sem C-reducible Fi nsler space of second kind the equation (1.1) reducesto

(26) C = > Gy (18

where, the wmbol G standsfor the cyclic permutatlon of theindicesi, j, k and summation thereafter. The h-

covariant dlfferentlatlon of (2.6) with respect to =* gives

If we now assume that £,,=%, 1, the equat|on (2 5) and (2 7) gives that the space under consideration is £
recurrent. Therefore, in vi rtue of theorem (2.1), we can state :

Theorem (2.4):
A semi C-reducible Finder space of second kind is £*- recurrent if and only if £.ish-recurrent.

We now give the following definition which is similar to the definition of - recurrent Finsler space as under:

Definition (2.3)
A non-Riemannian Finser space is called 5% or 7*-recurrent according asthe  v-curvature tensor 5, .. or

the T-tensor 7

« Of the space satisfies the relation

respectively, Where i |sacovar|ant vector field.

It has been shows by Matsumoto [4] that if F,. is £ recurrent with recurrence vector #;, then =, , .. satisfies
(210) 50 = 20,5, -

Thisrelation and (2.8) give

Theorem (2 5)
A ©*- recurrent Finder spaceis 5*- recurrent.

In a C-reducible Fingler space [4] the v-curvature tensor =

i) 5. .. =(sx+i)y " (A C.+h .C_ -k

with £, . given by
(2 12) . =2C h, + C.C.

On taking the h covarlant derlvatlve of (2. 11) and (2 12) with respect to =¥, we get
(213) 5.0 = ) "l - 1

ad (214 C,. o

Respectively. a

At this stage, we now suppose that a C-reducible Finsler space is 5*- recurrent. Then from relations (2.11),
(2.8) and (2.13), we have
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(2.15) A, €, ot A o B Con )

which after contractl on Wlth atyi

(2.16) (-3) T\ L

We now contract (2.16) r/rlrth 7~ and use (2 12) and (2 14) and get
@I e, = Sy

In view of (2. 12) (2 14) and (2 17) (2.16) reducesto
(189 . T +CC =y, €€, for n>3.

We now contract (2 18) Wlth i Wh| ch after making use of (2.17) gives
(219) T —5'::_3. = ?—_ <,

where, we have taken into account the fact that ©=#0. Conversely, the relations (2.11), (2.12), (2.13), (2.14) and

(2.19) give the equation (2.8).
Therefore, we can state :

Theorem (2.6):
A C-reducible Findler space F_(n>3) is 5*- recurrent if and only if the vector field & ish-recurrent.
Theorems (2.2), (2.5) and (2.6) now yield the following :

Theorem (2.7)
The necessary and sufficient condition in order that a C-reducible Finsler space F,, (n>3) is 5%-
recurrent isthat it is ©*- recurrent.

From theorem (2.5), we observe that in general, 5%- recurrent is only a necessary condition for a Finder space
to be £%- recurrent.
However, the theorem (2.7) shows that in a C-reducible Finder space £.(n>3) is % recurrence is
necessary as well as sufficient condition for the spaceto be - recurrent. An =.-like Finder spaceis
characterized by

(220) 5, .. _7_] (B h, - b))
In such aFinder space, the h covariant derlvatlve of (2 20) after using (1.2) and (1.6) gives

(221) 5, pepin = ﬁ 5yl 10 05)
which in view of (2.20) reducesinto the fol Iowr ng form

(222) 5,0 = __— S

Provided that S¢O Further from (2.20) and the fact that a Finsler space is called flat Finsler space if the v-
curvature tensor =, . ., of the space satisfies

(2.23) _‘ 0.
Thus, it can easily be verified that an S3-like Finder spaceisflat if and only if S#0. Therefore, we can state :
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Theorem (2.8)

A non-flat S3-Ike Finsler spaceis =*- recurrent.
We now consider an S4-like Finder space whichis characterlzed by
(224) = Bk ,_% (A, - =:::i:=':=-=- ) + ('_- ":-.+".'£:E:;-._.-' '--—_' ;—_-) .

The h- covariant derivative of (2.24) with respect to x‘ gives

(2.25) 5 =f( 1) - _:'_ (A, e Sa A S B )
At this stage we now suppose that
(226) 5, = &5,
For a covarrant vector freld . The contraction of (2.26) with g% gives 5= #.Sandin view of (2.24) the

relation (2.25) reducesto 5, ; ...,

£*- recurrent with recurrence vector f| ed «..
Therefore, we can state:

-.... Conversely, (2.26) is a necessary condition for Finsler space to be

Theorem (2.9)
For an S4-like Finsler spaceto be 5*- recurrent it is necessary and sufficient that the tensor field

5 |sh recurrent.
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