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Abstract
In this paper we define the maximal normal product of two fuzzy graphs. We discuss the strong and complete nature of the
maximal normal product of two fuzzy graphs.
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1. Introduction

Fuzzy graph theory was introduced by Azriel Rosenfeld in 1975. Rosenfeld [3] has obtained the fuzzy analogues of severa
basic graph theoretic concepts like bridges, paths, cycles, trees and connectedness and established some of their properties.
Later on Bhatacharya [11] gave some remarks on fuzzy graphs and established some connectivity concepts regarding fuzzy
cut nodes and fuzzy bridges. Bhutani and Rosenfield have worked on strong arcs in fuzzy graphs [10]. Nagoorgani. A and
Latha. A has worked on irregular fuzzy graphsg[12]. Also Nagoorgani. A and Ratha. K has worked on regular properties of
fuzzy graphs. The operations of union, join, Cartesian product and composition of two fuzzy graphs were defined by
Mordeson. J.N and Peng C.S [6]. The order and size of fuzzy graphs were defined by Nagoorgani A and Basher Ahamed. B
[13]. K.Radha and S. Arumugam defined the maximal products of two fuzzy graphs [14]. Here we define maximal normal
product of two fuzzy graphs and we discuss the strong and complete nature of the maximal normal product of two fuzzy

graphs.

2. Preliminaries

A fuzzy graph G is a pair of function (o,1t) where o is a fuzzy subset of a non-empty set V and p is a symmetric fuzzy
relation onc. The underlying crisp graph of G: (o,u) is denoted by G*(V, E) where Ec V x V, G: (o, p) is called connected
fuzzy graph if for al u, v € V there exists at least one nonzero path between u and v. G is called strong fuzzy graph if u (u,
V) = o(u) Ac(v) for dl (u, v) € E and complete fuzzy graph of p (u, v) = o(u) Ac(v), V u,v € V. Thedegree of avertex is
of G: (o,u) isdefined as dg(u) = Z U(U V) . The order of afuzzy graph G: (o, p) is defined as O(G) = ZS (u) . The

weE ueV
size of fuzzy graph G(c, p) isdefined as q(G) = Z U(U,V) . A homomor phism of fuzzy graphs G: (o, ) andG': (o', 1)
wekE

with underlying crisp graphs G (V,E) and G (V’, E') respectively isa bijective maph: V — V' which satisfies. o(x) <
o' (h(X)),V x e Vand pn(x,y) < (h(X), h(y)), V X,y € V. A weak isomorphism from G to G’ isamap h: V — V' which
bijective homomorphism that satisfies 6(x) = o’ (h(x)), V X € V.

3. Definition and example
Definition 3.1
Let Gy: (o1, 1) and Gy (o, ) denote two fuzzy graphs with underlying crisp graphs G;: (Vy, E;) and G,: (Vy, E)
respectively. Define G: (o, p) where s = clf(csz and p = py X pp with underlying crisp graphs G: (V, E) where V = V1 x V,
and E = {(ug, W) (Vq, V2) / up = Vi, Upvoe Ep Or up= vy, Upvie By or upvie E; and upv,e Ej} such that
(61 X0o2)(u,v) =01 (U) vop(v), Vue Viandv € V,and
(1 X p2) (U, Wp) (Va, V2))
0, (Hy) v H,(U,Vy), if u =v,u,v, ek,
=9 Hy(ug,v;) v o,(uy), if uv,eEu,=v,

b (uv))v,(u,v,), ifuyv, eEandu,y,eE,

Then Glf( G;: (o f(cz, Hl)A(uz) is called maximal normal product of two fuzzy graphs G, and G..
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Theorem 3.2
Let Gy: (o1, W) and Gy: (o2, pp) be two fuzzy graphs with underlying crisp graphs G, (V1, E1) and G, (V», Ey) respectively,
then their maximal normal product G: (015\(02, ul)A(pz) isafuzzy graph.

Pr oof
Given that G;: (o1, 1) and Gy: (o5, o) are two fuzzy graphs

By the definition of maximal normal product of two fuzzy graphs, the vertex set of Gl)A( G,is (csl)A(csz) (u, v) = 61 (U) vo,
(v), Vue Viand v e V, the edge set can be found in the following three cases.

Case (1) If U =Vy and U, Voe E, then

(Hls\( H2) (Ug, Up) (V1, Vo) = o1 (U1) vz (UzV2)

<o1(Up) Vv [o2(Uz) AG (V2)]

=[o1 (uy) vo(U)] A [o1(ur) voa(V2)]

= [01(}\11) voa(Up)] A [01(\,/\1) voa(V2)]

= (Gl)fcz) (U, W) A (01X 02) (VlLVZ) ~

S (e X ) (Ug, W) (V1, Vo)) < (01X 67) (Ul) A (01 X o) (VaVo)

Case(2): Ifuvie Ejanduy = v,
(Hls\( H2) ((Ug, ) (V1, V2))

= pa(Urva) vo(Up)

< [o1(u1) Ac1(V1)] voa(Va)

=[o1 (Up) voz (W)] A [o1(Va) V 62 (V2)]
= (o1 )S\Gz) (U1, Up) A (01X 52) (Va, Vo)
(Hl’\x 12) ((ug, W) (v, \’/\2))

< (01X 02) (U, Up) A (61X 52) (V1, Vo)

Case (3) If uvie E; and WVoe E,
(1 Xp2) ((Ug, Up) (Va, V2))

=y (Uv) vz (Up, V2)

< [o1 (u) Acy(Ve)] v [o2(U2) AGa(V2)]

Subcase (3a): If o1(u;) <o4(Vvy)

(Hlf(uz) ((ug, W) (v1, v2))

<o1(U) Vv [02 (U) Ac2(V2)]

=[o1(up) vo(U)] A [o1(Ur) vou(V2)]

<[o1 £U1) voa(U)] A [01(Y1) voa(V2)]

= (01X 03) (U, ) A (01X 02) (V’{, Vo)

2o (M) ((Ug, Up) (V, Vo)) < (01X 02) (Ug, Up) A (01 X G2) (V1 Vo)

Subcase (3b) If o1 (Vl) SGl(Ul)

(Hls\( H2) (U1, W) (V1, V2))

=61(V1) Vv [02(Up) AG2(V2)]

= [o1(v1) voour)] A [o1(v1) voo(va)]

< [01(’1\11) Vo (Ur)] A [01(\,/\1) VoLV

= (o1 )S\Gz) (U, W) A (01X 02) (V1 V’z\) ~

S (X ) (U, Up), (V1, V2)) < (01 X62) (Un, Uz) A (01X 02) (Va, Va)

From all the above three cases, we conclude that G: (o X G, W X L) is afuzzy graph.
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The following example illustrates the maximal normal product of two fuzzy graphs.

Example 3.3
G1: (o1, wo) and G: (o, up) be two fuzzy graphs and Glf(Gz:(clf(cz, L f(pz) be their maximal normal product.
(0.8) u,
0.5
0.3 0.7
¢ ® ®
(0.6) v u,(0.8) vA0.9) wy(1)
Gy (s1,m) G2 (S2, M)
08 L
(v,u)(08 06 wv) (09 97 V) (1)

Figure 1: Glf(Gz: (slf(sz, m)A(mg)

The following example illustrates that maximal normal product of two strong fuzzy graphs need not be a strong fuzzy graph.

Example 3.4
u,(0.7)
0.6
u,(0.4) v,(0.7) w,(0.8)
¢ ® ®
v,(0.6) 0.4 0.7
Gii (s1, m) Gz (s2,m)
Strong fuzzy graph Strong fuzzy graph
(TRTRY () I (uv) 07) (u,w,) (0.8)

0.6

(v,,u) (0.6) (v,,v,) (0.7) (v;,w,) (0.8)
Figure 2:Glf(Gz: (slf(sz, m)A(n)), Not a strong fuzzy graph

International Journal of Multidisciplinary Research Review, Vol.1, Issue -31, September-2017. Page- 8



!] Research Paper IIMDRR
Impact Factor: 4.164 E- ISSN -2395-1885

Refereed Journal ISSN -2395-1877

In the above example we note that (uy, W) (V4, V) is not an effective edgein G; X G,.

Gy X G, is not astrong fuzzy graph.

The maximal normal product of two complete fuzzy graphs need not be complete. So we include some conditions to make
the maximal normal product to be a complete fuzzy graph. This can be seen from the following theorem.

Lemma 3.5
Let Gi: (o1, ta) be any fuzzy graph and G;: (o2, 1p) be a complete fuzzy graph such that o:<c, then p; (us, Vi) < (U,
Vz),ul,Vl'-: VE IUZ,VZEVZ

Proof

Since 6:<0,

o1 () <o2(Up)

and 61 (V1) <o3 (Vo)

Now

p1 (U, V1) <o1 (Ug) AGy(Va)

<63 (Up) Ao2(V2)

=tz (Up, Vo) (" Gyis complete)
S (U, V) <pa (U, Vo)

Theorem 3.6
Let G;: (o1, ny) and G;: (o2, o) be the complete fuzzy graphs such that 6,<c,. Then G; X G, is a complete fuzzy graph.

Pr oof
Case (1): If up = vy and uv,e E, then

(M1 X ) ((ug, Wp) (V1, Vo)) = 61 (Ur) V(U V2)
=01 (W) Vv [o2(U) AG2 (V2)] [ Gz iscomplete]
=[o1 £U1)V02(U2)] A [01(1’1\1) voa(V2)]

= (01X 02) (U, Up) A (01X 02) (V1, Vo)

Case (2): If u, = v, and uyv; e E; then proceeding asin the case (1), we get
(2 X p2) ((Uny Up) (Va, V2))= (01X 62) (Un, U2) A(G1X52) (Va, Vo)

Case (3): If upvie E; and uv;, € Exthen
(1 X u2) ((Ug, U), (V1, V2))= pa (Ug, V1) vz (Up, Vo)

= p2 (U, V2) [by Lemma (5)]
= 02(Uz) AG(V2)
=[o1 (U1) vo(U)] A [o1 (V1) voa(Va)] [ 01507]

= (61 X02) (U, Up) A (02X 52) (v, V2)
Hence from all the above three cases, we have

(Hah2) (U, Ug) (Va, V2))= (01X 02) (U, Up) A(01 X ) (Vi V2)
.. G X G, isacomplete fuzzy graph.

Example 3.7
Consider the following figure (3). G;: (o4, 1) isan arbitrary fuzzy graph and

G,: (o5, 1p) isacomplete fuzzy graph such that 6,<c». Then their maximal normal product is a complete fuzzy graph.
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(0.4) u,
0.3
(0.5) v u2£0.6) 06 VA0 o7  w(08)
Gi: (S2, M) G2 (S2, M)
Fuzzy graph Complete fuzzy graph
(ul'uz) (06) 06 (ullVZ) (07) 07 (ul'Wz) (08)
0.6 08
(v,u)(06) 06 wv) 07 97 (v,w,) (0.8)

Figure 3: Glf(Gz: (slf(sz, m)A(n))

Complete fuzzy graph
In the above figure, we note that 61<c>.

If Gi: (o1, 1) and Gy (o2, L) are two complete fuzzy graphs then Gl)A( Gy (clf(cz, M1 X L) is semi complete fuzzy graph.

Example3.8
u,(0.5) u,(0.4)
0.5 04
v,(0.6) v,0.7)
Gy (s1, m) G2 (S2, M)
Complete fuzzy graph Complete fuzzy graph

U8) 09 o

(u,v.) (07)
05

05 0.7

05

)06 06 wv) (07
Figure4: G, XGy: (51 XS, mXm)
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Semi Complete Fuzzy Graph
In the above figure we note that (G X G,)" isacomplete graph.
Therefore G, X G, isasemi complete fuzzy graph

4. Conclusion
We define the maximal normal product of two fuzzy graphs.We have given illustrationfor the maximal normal product of
two fuzzy graphs.By giving an example we illustrates that maximal normal product of two strong fuzzy graphs need not be a

strong fuzzy graph. We have proved that under some condition G; X G, isacomplete fuzzy graph.
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