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Abstract

We have examined the stability of equilibrium points in Robe’s generalized restricted three body problem. The problem is
generalized in the sense that more massive primary has been taken as an oblate spheroid. We have found the position of
equilibrium points. We have obtained variational equations of the problem. With the help of characteristic roots, we conclude
that points are unstable. Robe’s result may be verified from the generalized result.
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1. Introduction
"Robe's Restricted Three Body Problem”, a model considered by Robe (1977), is a new kind of Restricted Three Body
Problem in which one of the primariesis rigid spherical shell my filled with a homogeneous incompressible fluid of density

Py- The second primary is a mass point my outside the shell and the third body mg is a small solid sphere of density P3 inside
the shell with the assumption that the mass and radius of mg are infinitesimally small. He has shown the existence of an
equilibrium point with mg at the centre of the shell while m, describes a Keplerian orbit around it. Further, he has discussed
the linear stability of the equilibrium point for the whole range of parameters occurring in the problem.

Later on, several authors have studied the Robe's problem. Shrivastava and Garain (1991) have studied the effect of small
perturbations in the coriolis and centrifugal forces on the location of equilibrium points in the Robe's problem. Plastino and
Plastino (1995) have considered the Robe's problem by taking the shape of the fluid body as Roches' ellipsoid. They have
studied the linear stability of the equilibrium solution too. Giordano, Plastino and Plastino (1997) have discussed the effect of
drag force on the existence and stability of the equilibrium points in Robe's problem. In all the above problems, the existence
of only one equilibrium point is discussed. Hallan and Rana (2001) established that in the Robe's elliptic restricted three body
problem, there is only one equilibrium point while in the Robe's circular restricted three body problem, there are two, three
and infinite number of equilibrium points depending upon the certain val ues of parameters occurring in the problem.

In this paper we have studied the stability of the libration point in Robe's restricted three body problem. The problem is
generalized in the sense that bigger primary is taken as an oblate spheroid.
2. Stability of collinear equilibrium points

The equations of motion in he Robe’s generalised restricted three body problem are given as

X—Zny:a—Q, y+2n>'(:a—Q, 2:8—Q —-(1)
OX oy 0z
where,
2
Q:n—(x2+y2)— kr1+m - (2)
2 r,
2=(x+mf+y* +2°, rP=(x+m-1f +y*+ 2 (3
The angular velocity is given by
n2:1+§,61,k:ﬂpr1 -1, m=—"%
2 3 r, m +m,
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Coordinates of my and m, are (-, 0, 0) and (1-p, 0, 0). Thelibration pointsexistwhen  QQ =Q =Q = 0

We have found the collinear libration point at

x:(l—gAl+4kjm, y=0, z=0 --=- (4)

At equilibrium points
Q=0 =0 =0) =0 —(5)
ad Q0 =—2k—1 —(®)

r.2
QO = =2k 2N e ()
(x+m-1)
m

Q=" -2k+ —— —-(8
” (x+m-1y X

Here superscript ‘0’ denotes the corresponding value at equilibrium point
Equations (6) and (7) may be written as

Q° =B+2A, Q) =B-A
where

m
A:m, B:n2—2k

Let the third body of infinitesimal mass be displaced to (X, +X, Y, +N, 2, +T ) where X,n,T | are very small

guantities and (X0 Yo ZO) is libration point. Using equation (5), the variational equations of motion in the linearized form
becomes

X-2nQ=0°x, hH-2nx=Q°h, x=Qr, )
Again, using equations (6), (7) and (8) we have
X —2nh =(B+2AK,, W +2nx =(B— Ah .r =—(2k+ A)r | - (10)

Now, we consider
x=A€' h=B€'r =C'e"
Where A', B',C" are very small quantitiesand | isasmall parameter.
Using the above values in (10), we have from 3 equation of (10)
1°C'e" =—(2k+ A)C'e", | 2 =+i(2k + A)
which shows that the motion parallel to z-axisis stable.
Now, from first two eguations of (10), we have,

{7=(B+2A)lA—2nB'l =0
2nAl +{12—(B-A)|B'=0

This will have a non trivial solution for A’ and B’ if
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|2 —(B-2A) ~2nl
=0
2nl 1>~ (B-A)
e 1'—(2B+A-4n?)?+(B- A B+2A)=0 — ()
It is the characteristic equation of problem
| 2 (2B+ A-4n?)+/D
i.e. =
2
Where D isthe discriminate for critical mass u,, D =0
o, (2B+A-4n?) —4(B- A\B+2A)=0
on putting the value of B in above equation we have,
(2B+ A—4n?) = 4(B* + AB-2A?)
e (20" —ak+ A—an?) = afn? — 2k + A - 2k)- 247}
e (27 + 4k - Af =4 — 2k + A - 2k)- 247}
ie. 9A’-8n’A+3n’k=0
2 2
a8 8(n” — 9k) o
18 18
If the positive sign of above equation is considered then,
8 , 8,
=—n"+—n" -4k
A 18 18
8 4
=—+ —A -4k — (13
9 3 A &
if negative sign is considered
A =4k - (14)
Now, we know that
m
A=——
(x+m-1)
putting the value of x from equation (4), we have
mx, +m-1)"° = A
e —ml-(x,+m}°=A
-3
e — m{l— (Zm—gm + 4kmj} =A
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e - m{l+ (6m— % mA +12kmj} =A
ie —m{1+ n{6—gA+12k)}:A

ie. A+ m+ M(6—§A+12k)=0 - (15)

i.e. (6—%A+12kjmz+m+ A=0

» +\/1—4A{6—2A+12k)

M=""9 8 9
2(6—A+12kj 2(6—A+12kj
2 2
B -1 | [1-AQ2-9A + 24k)] .
(12-9A +24k) " (12-9A +12k)
taking the positive sign in equation (16)
_ -1 | [1- A12-9A +24K)]
. (12-9A +24k)  (12-9A +24k)
Using the positive value of A isA.
o 1 1= A02-9A +24k)]
M. (12-9A + 24k) (12—-9A + 24k)
Using the value of A, (13), we have
——(§+EA—4kj<O (17)
rrl-H— 9 3
Similarly using the value of A_in place of A, we get
. 1 N [1- A (12-9A + 24k))
- (12—-9A +24k) (12—-9A +24k)
Using the value of A. from (14)
m, =-4k<0 - (18)
Again taking negative sign in (16)
1 [1- A(12-9A + 24K)|]

M= 2—9A+24k) (12-9A +24K)

Using the value of A. in place of A in the above equation
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o 1 [1-A(12-9A + 24K)]
. (12—-9A + 24k) (12—-9A + 24k)
2 8 4
=— —+—A -4k
M= a2 om - 24k) Lot 3R j o
Again using the value of A._in the equation in elace of A
. 1 | 1-A(12-9A +24k)
m- (12-9A +24k) | (12-9A +24k)
2
=— 4k
M- "2 oA+ 24k) 20

Whichisavery small quantity and liable to be neglected.
Thus we get the admissible value of critical mass ... as deduced in equation (17)

8 4
m——(§+§A—4kj

8
Putting A; =0& k=0weget M) = —5 which agrees with the result of Robe (1977) the (-) sign appears because the value
of u lieson the negative side of originin the x — axis asinvestigated in the orientation of the configuration.

Thus nlz—m)—gAl+4kwherem)=gandat A;=0& k=0

We have, Ue = -Ho
Ty
4_
-X :n‘l :rrb +X
o 1A
/',/ _yl
If -m<-m<0 oo m>mx=0 or 0<m<m
we have arange of stability
And if
8 8 8
—§§—m<rr1 or §2m2m, or msm§§
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we have arange of instability.
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